Chapter 26

e
L3

atiial Differential ¥
Mlerential Kguations
Sﬂcﬁon . 3 FOH T ¢
. s B . l . -
‘ part}al g‘ff.c“‘f’“a‘ equalion 18 an cquation which contain
; , o AL LU S Onc '
more pdf{la] erivatives. The order of the partial differential : ¢
: . J . » ) 93¢ 1 SQuation s
that of the dertvative of highest order in the equation. Let quation i
where ¥ and y are independant variabl R e %)
W : ariables, and z is the dependant variable
¢ and y. Then @ 9 are th ~ . N
ad ¥y ! , T ar e or al vt
on ax " By e the fist order partial derivatives;
' 2
o o1 92

0z 9% —— are the second 1 derivats
2y cond order partial derivatives. For exampic

¢ cquation 2 = + 282 _ 2 i
the equ P y 3)’_ =z* (1) is called the first order partial
. . Y VY« S
differential equation. The equation x*— +y —5 +x >~ =0 () s
2 A
o n? o

called the cecond order partial differential equation. For CONVEDIENCE We
asc the following conventional notations for partial derivatives.
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Then equations (1) and (2) can be written as
p+ y q= 7 3)
x2t+xys +y2r==0 - ..(4)

In ordinary differential equation we have seen- thal the differential
equations are formed by eliminating arbitary constants. In the same way
partial differential equations are also formed by eliminating the arbitar}
constants from a given relation between the variables. Also partia
&fferential equations may be formed by the elimination of arbitar
functions of the variables.

Hence partial differential equations may be formed by

(i) Eliminating arbitary constants.

(ii) Eliminating arbitary functions.

Consider z to be a dependent variable and x and y 10 be independe
variables. Let the relationship between 2 % and y be defined
f ({,y, z,a,b) =0 ..(1) Here there arc arbitary constants d and b.
climnate ¢ and b we need three equations.




Partial Differential Equations . T~ .
Differentiating (1) partially with r espect to x and ) we ger
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L/ (ie) ‘a‘L*‘P‘[=O

dx 0z dx a7 oz ()
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In general we can eliminate the arbitrary constants from (1), Q.|
(3) and the resulting equation will be of the form ¢ (x,y, ;. Pg)s te
Let us now consider for example, forming the partia] diffc,en&:'
cquation by eliminating arbitrary constants, s
If may be noted that if the number of constants to be climinge, .ﬁ
cqual (o the number of independnt variables the eliminant of 4,

itrgy
constants will result in a first order partial diffferentia] €quation, [f

¢liminating arbitary constants,
Example |
1. From the partia] differential equation hy eliminating the arhitry:
constants from z = (x? + a) (y2 + b)
Solution : |
| z=(x2+a)(v2+b).
| Differentiating_;_;anially with Tespecttoxand y we get
| P=2c(+b) ()
\ =2 +a) -(2)
Multiplying (1) and (2) we get
Pq =4y (& +a) (47 + p) OF pg = dryy

This is the required partia] differentja] €quation.
Example 2

(1)°
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S o149 =4. ¥e)
pividing (2) by (1) we get
4_, |
- ~(3)

From equation (1) ap = az — 1.

aiz=-p)=1or g—(z._p).___l)
q@z=p)=p-
This is the required partial differntial equation.
wxampie 3 |
The equation of any sphere of radius 7’ having its centre in the xoy
plane is (x—a)2+ (y—-b)2+zz._=,2

where @ and b are arbitrary constants. Form a partial differential equation
by elimifating the constants ¢ and b. |

Solution :

(x—a)2+(y—b)2+z2=r2 - (1)
Differentiating partially with respect fo x and y we get

20c—a) +2zp =0 w(2)

20y — b) + 229 =0 (3)

(x — a) = —zp. ..(4)

(y — b) = —zq. «(5)

Using (4) and (5) in (1) we get
2 [(p2 + &+ 1)] =7
This is the fcquired partial differential equation.
Example 4 | | |
Form the partial differential equation by eliminating a and b frc
.z--=4évc+by+a2-+-b2
Solution :
z=ax+by+ a* +_b2 (1)
Diffrentiating partially with respect to x and y we get
p=a;,q=b.
Substituting these in (1) we get
2==‘px+qy-i-pz+q2
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Kxample §
. . ", ', ' = " ¢ .
Form the partial differentia] cquation hy elemmatmg
“ oy F |
~'~~+‘—2-+“:;== i
7- bt et
Sotution
s "':l ::
“ Eee ==
. h- e
Differcmiating partially with fespect to x, y
i
2x 2
— s— = {1
5 + y P =1
a* ¢
T
-‘*ﬁ + 24 = {)
be 2

2
0+-C~2~(z;s'+qp}~()
s+ gp =

Note: Morc than oge partiaj differentia} €quation g possible in ti:

These partial differentia} Cquations gre
rzr+xp2-—zpz0. -
yzt+yq2 —-2zq = (),

Example 6

rential equatipn by eliminating the arbitary

z =.axey + g’ + b.
Solution :
7 =qve’ + g0 + b, (1)
Differentiate (1) partially with respect to and y
p = ae’

2 2
g = ave’ + 2g° e*.

(3]

(i.e) g =xp +2p
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This is the required partial differential equation, .
Example 7 |

Form the partial differential cquatioﬂ of 'thévf;;m.l | y
, with the centre at-( & b,.c ). ily of spheres of radius

Solution ¢ o
Let the centre be (4, b, b).and radius be r. The equation of the sphere
s
@-af+ G-+ @z-by=F 1)
Differentiating partially with respect to x, y we get
2x-a)+2(@z-b)p=0.
2(0-b)+2(Z-b)g=0.

x-a=-(z-b)p. -(2)
y-b)y=-z-b)q «(3)
From (1), (2) (3) we get | |
-0+ P =r (8
Subtracting (3) from (2); x —y = - z-b)(p—-9)
I S A |
z-b v=q’ (5}
Substituting (5) in (4) we get
=12, 2.0 .2
zl—)“—:”q—)‘z—[]) +q +1] =r

a-yt P ed+1] =0 -a)

This is the required partial differential equation.
Example 8 o

Form the equation of all spheres with centres on the z axis.
Solution : ‘

Let the centre equation of the sphere be.

x2+y2+(z~c)2-~=r2.
Differentiating partially with respect to X and y we get

y+2y—-c)qg=0
(z-0)p=—x

{ri-c)g= =y



Partial Dxffcrentxal Equatxons

A'vaxdmg (3) bY (4) we get 3 \‘

. —@ﬂM"q |
- Thxs i th 3 requHCd pamal dlffcrcnual cquauon
|  Exercise 1

orm thc parnal mffcrentnal cquatwn by °hmlnauug
constants

1z=(x+a)(y+b) o ‘
2z=gty VA4 P4p

3z=ax+by+ab, - |

4.z= ax+by+a -4‘-b2

a* |
6. (x - a)2+(y b)“’-&-z‘2 a+b2
7z-(x a) +@y- b)z
82-axy+b T
Sr=yty Va2 42
0.ax+by+z=1
Nz=@-al+ (- ~b2 41
2z=ad + by 4 g
132 = g +b_y3
Wi=atbys Vo 7
15. z=a(x+logy)-.b2

16. (x - a)? + (y — ~b)¥ =202,

17. a(x2+y2)+bz2~1

Section 2

Elimination of Arbitary Functiong
Here we consider a few exam

equations can be obtained by eluml‘:::mtgo t:‘:°:'rbhow partial dlﬂ'cm’t'
Example 1 itrary functions.
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“Solution : N \

| & 6z ax oz o gy
This equation is in the form,
Pp+Qq=R .(1)
where
(M _ o
(ay o oy oz
v ou ou ov
Mrrart
(M o
. & oy ax dy

* The required partial differential equation is Pp + Qg =
Example 2 -

Form the partial differential eqmﬁon by eliminating th.
function from z = f(x2 + yz + 22)

Solution ;

z=f( +y +2) (1)

. . " d ,’
Differentiating (1) partially with respect 04 and )
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Partxal Differential Equatxons o

p =f 2+ +z) (zx+zw)m\\
qef @+ D) vy “
DX+
Dmdmg (2) by (3) CII
it p= qx+2m
e TR

Example 3
" Form the partxal dszcrcntmg cquatxon by chminatxng ‘"bllra:y
|

from xz = ¢(x +y -2
Solutlon" .

=gyt ) :
lefercntlatmg partlaHy with respect to . X, y

Hptyz =g (x2+y --Z)(?-r 2p)

ygte=¢ Pyt oy
Dividing (1) by (2}

f "zi;fﬁf :"..:‘_LZE
Z+ag " Y .
Ozﬂyp)(wzqﬁ«-(xwzp)(&ﬂw}
@’ “5‘?’? ,VZQ‘ 1}’4«}?«? =x% +x2yq-,azp ~Bzp.
or. px (y* +z) @,(z 4“»2; ”M?m},z} |

This is the required A |
) partial mrferentxd! e ’
&mmpw ; | qmﬁm

) <0 A f'r&ﬁ.l m;_a u&, mnai *Qiﬁd“m U” m;z "
vﬂ'}iﬁ ) o= %y t‘ 3 g2 {ys . ﬁﬁa&?

é’f § ﬂ*i“ trary functi
Solution

gy 5 Ffe
. £ ”“ Toravly
w RAL WK S BAL
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This is the requtrcd partial dxffe:rentml~
Example S ‘
Form the partial dxffercnnal equation b
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€quation.

X y climinating the arbitrary
function from z =f

=
z—-f(x)' . (1)

Differentiating partially with respect to x- and y

ad-Ivi
4mf (z) _

Dx\ 1dmg )by (3)
2— ._X (or) pxtq= O

Solution @

-(2)

-(3)

This is the reqmred pamal d1fferent1al equatlon.
Example 6
‘Form the partial differential equatxon by eliminating the arbitrary

functlon fromz=f (x2 -y )..

Sohition : | | | | |
z2=f( =) | ()
Differcntigting with respect tox and y we get
p=f'¢-Y)@ A2)
a=f'0¢ -¥) (-2) | -0

_ Dividing (2) by (1), 2. -.;5 or py + qx = 0.
This is the rcqmred pamal differential equation.
Example 7
Form the partial differential equatlon by eliminating thc arbitra:
function from lx+my+n_z=f_(x2 +y + 729
“Solution

&+my +nz =f@x*+y* +2)



partial Differential Equations
Differentiating with respect (0 X and y reSPCCtW ; -

+mp=f @47 +2) (2 + 2)

m+ng=f s +y + 1) (2 + 2g)
- Dividing (2) by (3) o
[+np x+2zp
- m+ng y + 2q
(1 +np) (y +29) = (x + 2p) (im + g
ly +npy +log = mx + mzp + nyy
m-m)p+(mx=-k)g=l-mr
This is the required paftial differential equation,
Example 8
- Form the partial differential Equation by eliminating th, ,
function n L
z= Afl(x+t)+f2(x+t)
Solutlon

Z=x1(x+1) +thHhE+e.,
Differentiating partially with respect to x and ¢ we get

0z
—‘fl(xﬂ)hfl @+ +f, (x+t) E

o = G+ e+ o
02

ek 2f(x+t)+xf CHO+h vy

| 62
wa~h CADES A (x"'f) R atvy, .0
From (4), (5), (6) we get '
a z 9 9z 262

o Cara
t+r=2s,

This is the required partial differentia] €quation’

Example 9
Eliminate the arbitary function in



z=fi(y +m\“s«; :
J2y ~- T— M .
Solution 3x) -~~~@£hsm§glg§

Z=f1(y +'Z’c)«'*fz (v
Differentiati ‘ )

a i"1;;g--thh‘respect 10X y we gey (1)
% = 2 O+ 2) -3, () - 3 |
o * ' - ()
o - h O+ 45 6 -3 |

] e | | (3)

) f1 (v +‘2x)'+ 9f2-' - 3x) (4
azz

"’yz f (y LR RS ATI -(9)
8

oy N 02 -3 -3y
Ehmmatmg the arbxtrary functions we get.
%2 &

+axay76ay =0

(6)

Example 10
4

Form the partial differential equatxon by ehmmatmg thc arbltrary
funcioninz=yf(x) +xg (.V)

Solution : o ) :
=yf(x)r+xg (v_) S R ()
 Differentiating with respect to x and y we get -
p=yf' &) +80) )
q=fx) +xg (v) - | CL0)
s=f"(x)+g (Y) |
xp=xf )+ 0
yg =yfix) +08' ()
p +yq=xf" () +yfex) +xg<y) +18’ (y)
xp +yq = XS, +z
This is the required partlal dlfferentxal equation.
Example 11

R rbxtrar;
Find the partial mffercntlal cquauon by chmmatmg the ar )
functxonmf(x+y+zx +)’ -7%)=0 |



Partial Differential Equations %
Solution T |
Letu=x+y+: e \

v=r’+ yz -7
Then the give equation is f(u,
respect to x and y we get

Y ou of v

= ou -

V) = Dme;eﬂﬁat"-,

8,

of a ol
51_‘{_,__0[_@_"___0; @'=1+qandﬂ’

y +(ylp+p3q(y; “4) = (1+4) (- zp) = 0
(Y+z)p-_(x+z)q_ *q +2p +2pg = 0.

Thus the given €quatiog becom
h respect ¢ X and y we get >

Fou, of v

=1+ ‘ aV_ ,

f.'[i‘i_’.ﬁ@_o o, = £ and _= = yz + 97
ou gy oy Y E:I'F‘]and-él—’;.xz*,

3y =2+

. Sy =0, Differentiating parﬂ'ﬁm



A
(1+P)(xz+
| f“*ﬂp+xyq+xypquq&,z (Hq)(‘“xyp) 0.

+yzq+xyp *‘xypq) 0.

| ”P+y&
Tlus 1s the required’ partxal f x’)q Y (x y)
dlf erent |
Example 13 n “‘1 equanon.

/" Form the pdrtlal differential equatxon by ehmmatmg the arbitr
ar
function mf ; 1 =0

3

Solutmn
Lct u= z V= L
X X.

. The*given equation becomes f '(Li‘ v) 0.
leferenuatmg partially with respect x and y

dou fw o

du ax v ax
of o,

+ d ?
gu dy v oy 0.
(=2 1) of (= |
v‘\ '!/1‘ {' 1 S;jﬂﬁi }\, “‘.‘:
| =g+ =]= 0
cuNX oV \NX/

o



tlal Differential E ualions — R
-2+ pX gt 2 0.
| (1e) q 1
o tg=z
-r+ptyq= 0 orpx =
\Example ; tion b elimina
Form the partial differential equa ion by ating |
function in
Xy + 22 =‘f‘(x +y + Z).
Solution \!l
pHt=flty+2)
T o
This equation can be written as f(x+y+2z0+1):
f(u,v) = 0 where u =x + ytav=x+ 2%, Differentiating, eq
partially with respect to x-and y,
'aﬁ(l +p) :"‘a[(y+22p) = 0.

5‘5(1+q)+if(x+2rq) 0.

Ehmmatmg —[ -[

o g, We get

I“‘P y+2p

L+q x+24[ =0
(1+P)(x+224)‘(1+q)(y+zzp) = 0.
SRRt 2gp —y g

P =qy ~2%pg = g
10(-.r Z)~q(@ - Z) = q =%
This is the required partja] dxfferential €quat
10n
Exercise 2

I Form the partial gif,
€ren
function from the rouowmg ol “Quation by eliminating arbitrd

Lz=f(xy)
2z=f(x~y)
3z=x4y+f(xy)
dz=6f(y-x).

5.z =f(.r2 —.\"’)A

bz =(x +y)f(.r2 —_v'z).
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7.z=f(?)-
g.z=f(my-
9.z =f(2x—3) +xg (&~ )

10. z-y2+’.7f( lo, v)

z=@+NfE =Y.
12.x=f0) +8@):

3. z=2fE-Y)
14.z=fx+2) +gx+y).
15. 2 =f () + € g &)
16.x+y+z =10 +2).

17. 3—=/¢ @ -y

18.z=Y +2f( +1ogy)

19. ax+by+cz f(f+y +z)
20. Find the partial differential equation- of all spheres of radiu

having centre in XOY plane.
21. Find the partial differential equation of all planes having equ

and y intercepts.

IL. Form the partial differential equation by eliminating the arbit
functions from the following.

(1)Z=¢(x+ct)+¢(x—ct).
2z=¢x+2)+¢&-2)
Nz=¢@+¢0)
Wz=yp () +x¢ ()

(5) V'=% [f(r-at) +f(r+at)]
©)z=f@x+y)¢ =)

iz ¢f%¢u>



| Differential Equations
artial Differentia’ =7 R
s M EIBEY).

gr=a’ts0) )

() z=fE+9) *9ED)

{1l Form the partial differential equatiop by el
0

function from the following |
1 g+ +2xy2) =0,
2.¢(x+y+z,xyz)=0,
39l +y 421y +2) =0
.4¢&+y+hxy+ﬁyza
5.9 (g, 24y +7) =0 L
6.2=09 (x+ 2 +2)
T -y 2-F=0

8.¢t§’x-z)=0'

1_0,,¢ (x-?l,y"l) = (.

by,

Non - Linear Diﬁerenti/al-Equations of First Order - Standard Iy

A partial differentia] €quation

involving the  first order
vatives Z/_ .z '
c!eflvanves E( =p)and = (=

q) is éaHed a Linear partial di[fe”"ﬁg

. . % . ‘e ,;
uations whjch involue the higher powtfg

of B 4 pq are called non-Jiney, Partial differepgia equations. Li"“[
partial differentia] €quations .

it

. are  obtained iminating arbi”!

constants or arbitrary functiong, . by eliminat 4 ‘
Complete solution

:q so?utxon of a partiz] differen;a; equétion which contai;ls as mal|
arbitary ;onst:fnts as the numpe, of independant variablés is called !
complete solution, The Complete 5oy ”

¢ : On is also ref; 0 as complel
integral. For example the partia] differcmia; chatioirrcd to as ¢comp



e

may be obtained from the equation f(x.‘ﬁy EPg) =9, (1) .
In this case (2) i |

there are two arbitary
| Singular Solution

The complete soly repre o e D
which may or may n. have ap envelope ter family of surfaces
The envelope if it exists, is obtained by elem; ﬁ
K (,y,2,8,b) = .

Sents two parame

nating ‘e’ and D from

—g(%,y,2,a,b .
651 ') Z,a,b) =, Q).
558 (x’.)’a Z,a, b) = (. (3)

If the eliminent ¢ (x, »:2) =0 exists it is called the singular solution

of equation (1). Hence if [,y z, P,q9) =0 is the partial differential
equation whose complete solution is g(x

(i it exists) of »Y+2,8,b) = 0 then the eliminent
it exists) o
g,y,z,a,b) =0.
d
aag (X,y,l, a, b) = 0.

d
b gx,y,za, b) = 0.

is called the singular solution or singular integral. The singular solution
represents the envelope of family of surface given by the general solution

g (x,y2,a,b) = 0. The envelope in_general may or may not exist.
General Solution

In the non-linear partial differential equation f(x,yz,a,b) =0, if
g(x,yz,a,b) =0 is the complete solution it may be possible for the
existence of a relationship between the arbitrary constants @ and b.
Suppose this relationship given by. b = ¢ (@). Then the complete solution
takes the form g {x,y,z, 4, ¢ (a)]l = (. This 1s a one parameter family of
surfaces of the partial differential equation f (x, yz,p,q) = 0. If the family
has an eavelope it is gbtained by eliminating a from

8 (xy.2,0,00)) =0 (1
and = g (x,y2.0. (b)) = 0. (2)

/



Partial Differential Equations ;
If this climinent if it exists Hm\

‘ ferred to as ehery) - U
). This solution is also re Beaera] j, e
(.

|
Exn(l,‘m:l‘:idcr the partial differential equaio,
0
2
r=pte -0 +q) ()
Solution
It can be easily shown as

I=ax+by- (02 HJZ) is the complete Solug,

2
Here g (x,yz, a, ¢(b)) Sl-ar-by+q B
d

= (x,yz,a,b) =0=-x+2=(
a

gf (x,yz,a,b) =0=-y+2 =0

liminating 4 and p from the above c€quations we ge /.

B e g
which is the envelope of the surface given by (2). This solutiy
the singular solution,

Suppose  p=g complete  solution for ()
g(x,yz,a,b) =0
8(xyzq b) =z-ag ) +2P =0, (3)
§f=0= ~x+y) +4a=0 @)
A Eliminaﬁ,_,g ‘2

o (3) and (4) we gey
Tty

Let y s s caleq the genera) solution of equatio

differeniy :o‘za;::id . our g; erent types of non linear Pr

solution, 14 the Procedure g, Obtaining  their cort
Standapg t

1 sy, . i

velves only 49 ang the v;riH ;re the partiy differential equ
Standard ]ype I Q le X

b Z are absent,
This is calleq the Cairaut’s f i e
Standarg I r iy

/

> p » =
Here the Partia] g; =g

n Contajy . i
t Variabje x ;:éa;npn? and the depen

are absen;.
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_Stal}dard Type IV: Partial differential equation of the fc
(x,p) =f2(v,q). Here z is absent and also it is in a separable fc

¢) the terms containing x and p only on one side and terms contain
and g only on the other side.

‘harpits method :

This is a general method of solving linear partial differential equat
shere the given partial differential equation cannot be reduced to .
e of the four general forms. - | |
Section 4

Standard Type 1 F (p,q) =0. )

Consider the equation z = ax + by + ¢ (2) where a and b are connec
by the relation f (a,b) = 0. Differentiating the above equation parti
with respect to x and y we get p =4,q =b.

Substituting these in the given partiai differential equation we
f(a,b)=0.

“rom the relationship f (a,b) =0 we can find b in terms of a, say b :

Substituting this in (2) we get,z=ax+¢ (@)y +c¢
We see ¢hat (3) is the complete solution of equation (1).

Hence we note that for the linear partial differential equation of t
(1}, the complete solution is of the form

z=ax+by+c where a and b are connected by -relal
¢ (a,b)=0or b=g(a).
Here a-and b are arbitary constants.

To find the singular soluion we have to determine the ¢liminent o

and ¢ from
z=ax+g(a)y+ec.
0=x+g’'(a)y (differentiating 'partially with‘resp'ect te a)
Differentiating partially with respect to ¢, 0 = 1.

As the last equation is inconsistent no singular solutions will exist

the partial differential equation of the type F (p,q) =0
Take ¢ = ¢ (a).

The complete solution becomes one pa?ametcr family
PE@te@)y+ ¢ (a)

~ -~ —



Partial Different% \

Differentiating Partially wj, "eSPect 1,
0=a+g' @) +¢ "y YN

Eliminating 4’ from the last twy
which is the envelope of the sing

Example : 1
Solve p? + =1
Solution .

Z=ax+by +

Differentiatng (1) Partially with e
P=a g=p

(1)

SPECL {0 x and o

rential equation v ha;
B PN b = 1 - 02.

ax + (‘/1\2\)

i)y 00
Dxfferentlating partiaT?'With Tespect to a we get
0=x- (Vl\g\\[) y+ g
nt of 4 betweep (2) ang (3) gives the general sol!
Example 3
Solve Vp 4 Vg =1
Solution :

h Tespect to and y
P=aandq =p,

Therefore the given equation becomes v +VE =]
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the complete solution is

z=ax+ (1 -Va)y +c
where @ and c¢ are arbitrary constants,
This type of equation has no singular solution
Take ¢ = ¢ (a).

rz=ax+ (1-Va)ly+¢(a) (2).
Diffcrcnti_ating partially with respect to a we get

1 |
O=x-(1-Va)ygzy+¢'@ (3)
The eliminent of ‘¢’ between (2) and (3) gives the gcncral solution.

Example 3
Solve p + ¢ = pq.
Solution :

This equation is of the type f (p, q) =0.
. The complete solution is of the form z=ax+ by +c (1)

Differentiating (I) with respect to x and y we get

p=a,q=>b.
Therefore the given equation becomes
a+b=ab.
a
a-—b(a—l),b-a_l.

Therefore the complete solution is
- -a
= —=—ly+c (1)
Z=ax + (a = 1) yTrc ( )
‘This type of eqution has no singular solution.
Lct c= ¢ (a)‘ .
a
z=ax+ |—|y+ . (2
ax ‘(a_l)y ¢ (a). (2

Differentiating partially with respect (o a

0= x+{@‘”1 ]yw'(a).
(a—l) | '

- 1
0=- 5y +¢' (@)
} .

(7 -




uatiOﬂS

ferential E9

imineat © of 'a’ betweer (2) and (3) gives the Bng,
The ¢ |
ed:
Example 2.2
Solve XZPZ‘”' q7=*

Therefore the give

where

This equation is of the form f(P,Q) = 0. Therefore the solution’
z=aX+bY +¢ (1) thre
@ +b2=1(or) b= V1= 42

_ Therefore the complete solutxon is

Z'-aX+V --a y+c
logz-alogx+\r:7 (108}’)+10gk

“Z= ket y
Example 5 :

Solve z2 = xpq.
Solution :

Dividing by 2, (’-‘f) (X‘l) =1

2
Take X = logx, Y = logy, Z = log ;.
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.x. =p A - Q -
P=FE 4 |

Therefore the given equation becomes PQ =1

This equation is in the form F (P, Q) = 0, Theref

ore th |
solution is Z = aX + bY + ¢ where re the complet
1
agb=1. b=—"

Therefore the complete solution is |

Z=aX+'§'Y+C.

1
(ie) logz=a logx + ;logy + logk

Z=’aa-yy.

Exercise 3
Obtain the complete solution for the following partial differential
Equation.

1.pg=1
2.p2+q2=9
3.4=p
4‘r.pz-ﬁ—p=“l2
5.p + ¢ =npq
6.pg+p+q=0.
7. 3% - 2 = 4pq
8.p3-q3=0.
9.q2-j3q+p’2=0-
Section §

Standard Type Il

Equation of the type z=px + @/ Tffg;ny —prt
be considered as analogous to clairaut's

diffeyential equation. Here p = %

_\ This type of equation *
q)- This Y})zp) in the ordit

. +f(a,b)
Now consider the equation z =@ ¥ by +/(



Partial Differential Equations \
‘where a and b are arbitrary constants. \ ,
Differentiating (1) par tlally “with respect to Xanq . .\
p.=a(2) andq=b 3) ngge[
Therefore by eliminating the arbitrary constap, fro .

)

4

we get, - '
r=ptay+f09) (4. I‘
Therefore (1) can be considered as the complete solug

0

partial differential equation. This type of partial different.“‘)f b,
known as extended Clairaut’s form. The complete 501uti0;al g
Oy,

two parameter family of planes. The singular solution i
surface having the complete solution as tangent planes, = &

Example 1 :
Solve z=px + qy + ab

Solution :
This equation is a partial differential equation of Clairay e

Therefore the complete solution is got by replacing p by g 4
{

b where a and b are arbitrary constants.
(i e) the complete solution is z = ax + by + ab (1). Differentiatyy

partially with respect to a and b we get
0=x+b (2)
O=y+a(3)
Eliminating a and b from (1), (2) and (3) we get
zZ=-=xy—xy+x.

(le)z+xy=0.
This gives the singular solution of the given partial differential e

and to get the general solution,
put b =¢ (a) (1).
z=ax+¢@y+ag(a) ()
Differentiating this partially with respect to ‘@’ we get
O=x+¢'(@y+ag’'(@)+¢@ (5 | .
Eliminating ‘@’ from (4) and (5) we get the general solutio™
Example 2 : | |
Solve z = px + qv +p2q.2.
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Solution :

st Mathematics

This equation is a partial differential equation of Clairauts type
Therefore the complete solution is

;=ax+by+ a? b? (1) where a and b are arbitrary constants
D;ffcrcntxatmg (1) partially with respec to @ and b we gct
0=x+2ab* (2

0=y +2*b (3)
= - 2ab?
-uy -y
Tt xR
el
,__zzxzys

This is the singular solution where b = f (@). The complete solution is
z=ax+f(a)y+ a’ (f (a)) (2) Differentiating partially with respect t0
‘a. | 2

0 =a+f"(a)y + 24°f (a)f (a) + 22 (f (a)) Eliminant of ‘@’ from (2)
and (3) gives the gcncral solutxon
Example 3 : | y

Obtain the complete solution and singular  solution
z=prtqy+pt+pgtq
Soluﬂon : o

““5 equation is of Clairaut’s form Therefore the co.mplctc sot::n ‘
isz=ax+by +a* +ab +b% (1) where a and b are arbxtar)’lcons :

Differentiating (1) partially with respect.t0 and b we ge



ial Differential Equations ‘
M !
)=x+22+b (2 \

)=y+2b+a (3)
k-y=3aand y —x =3

-Mb:gu
-.3' y 3

Substituting this in equaction (1) we get
- - -
(33-_-1] ,,,+(2v3 x)y+(&5_zj+ SN

plfying . get 3 =1y ~ 7 - )7
(his is th singular solution,

mple 4 :

Obtain t : complete and singular solution of
z _x =

=>4 Z4 Vg,

q g P4

ition

Z _x .y ~

— =4

q q @ + ‘/I;q

r=pet o4 (,,quz

of partial diffey ential equation.

Therefore the complete solution g

Z=ax+by + (gh)*
Dx{fercntxaung (1) partxally with re

Spect to a and/ b
f=x+2 2 @by, @)

N
0-)’+2(ab) a. (3)
x=~"—§-(ab)”.’b,
2
=3, . x b
= 2 (ab) a y—-a-
Multiplying, xy =29- (a b)? s = 2a2 ﬁ'ix_z
45 2



N
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Ve ) y - Mathcmatics
» o) (a2 )"
;= x+ |—| y+ |L &
\ % " %
133 133 3
44 y4x4 44 x4y2 4 \;
§=Tgia + gV4 +(§ny

3/4
324(:@_)
9

This 1s the singular solution.
Example 5 :

Find the complete and singular solution of z =xp + yg + pz, - qz.
Solution ® '

2
z=xp+yq+p' -
“This is in Clairaut’s form.
Therefore the complete solution in z = ax + by + @ - b (1) where
g and b are arbitrary constaats.

Differentiating (1) partially with respect to @ and b we get
0=x+2a (2)

0=y-2b (3)
a=-x32
b= y2

Substituting in (1) we get

: 2
N T e d
2 p i

)

4 =y* - x* which is the singular solution.

Exercise 4

Find the complete sohmon and singular solution of the following partial
differential equations.

Lz=pr+qv+2Vpq




Partial pifferential E :lla'tions
2

27=p4tD* \/1'+p +q2

3. z.=px+(p'+logpq,

4'Z=Px+q)/+Pz+qz

5. (1-0)p* 2-y)q=3-z

6.2=p-9)*9-

Tz=px+q+ ‘6‘?

Section 6

Standard type III
Partial differential equation of the form F (z,p, 4) =
For this partial differenti ' M
o ential equation we assume 2 = " |
Y

4 d o & . |
* dy Tespectively in the W
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0z dz, ou -
Thenp="T=——4 dz

The given equation becomes

2
2 (dz) _ dz
1+a (du) -adu(z-b).

2
: dz d
(xe)a2 (EJ‘ -a(z-—b)-£+1=0,

dz ‘_a(z-'b)ﬂ:"[az(z—-b)z—%2
du 24°
z2-bxV(-pl-gq

- 2a

dz _ _du
@-b)xV(z~bY -4 2

z-b)xV@z-b -4

d
4 = o
Integrating we get | |
- s | |
1|z=b)  z=by 5 7 4 -1z—b‘\=_u_ k.
2 i + > (z—-Db)Y -4 ,zcosh 2 |
L 4
r 2 _}Z"'b ___l_l__
%L(z—b)z:‘:(z'“b)\/(z"b) -4 —-4cosh zl a+k1,
- -1z2=b
%L(Z_b)z] {{( -b) (z —b)2-4-4cosh 1——2—1
=x+ay+kl'
a |
Example 2 :

Solve z = p* + ¢* for complete and singular solutions.
Solution :

Assume z = F (x + ay) = F (u).

dz dz
th = — =
en p du’ q a d_v



a(l+de = +ay+b)? (1)

This is the complete solution,

Differentiating equation (1) partially with respect @ and b we B
Biz=2(x+ay+b)y (2)

0=2(x+ay+b)1(3)

Substuting (3) in (2) we get z = 0

This is the singular solution,

Example 3 ;
Find the complete solution of p(1+q)=q
Solution :
Assume that 2 =f(x +ay)
: dz adz
th =—=g=—
cnp du'? du
The given equation becomes
dz dz
du (1+GE> =aal—z
. adz
(i e) 1+ u = gz.
dz <=1

du a



Mathematics

¥
_ﬂ‘—z—“zdu,
gz = 1
log(@-D=¥+¢
log(@z =D =x+T@&*C

This ‘18 the complete solution.
Example 4:
Solve 22 (0* + §#+1)=b
Solation : |
retz=F (x + ay) = F (u) where
dz adz
p= 21;’ q= E’u‘

The given equation becomes
g7 2 2

2| (& +a2(§§_\ +1]= 2

\du

2
> [ (] (1+a2) +1} = b

V;%df——z—-?=¢ Y Rt

Integrating we get

R

“Vi+a

This gives the complete integral.
Example 5 :

S | , .
olve for complete solution for e (pz =

=1



i Q4 &A%Y = afhaman
Solution | \
assume 2 = F (x + @) = F (u) Then
&K
D= 2;_, q= a dbﬁ.
The given equation becomes

gAY o
2| (dz) 2, 2(%) | o1
z ( 7 +a (du)

V2
7 (-2%) (zz+az)J=1

VP dr =+,

Integrating we get.

f v22+ aZ d(ZZ) =:t f2du;
2 + aZ\yZ

(z
3 =t +c

2 2 2.3

.12 N
3(2 +a)2=t(x+ay)+c.

Example 6 :
Solve P2 2+ ,qz =]
SO]ution :
Assumc z= F
& (x + ay) = F(u), thesn

The o :
he given €quation becomes

4 (Eai)“‘*az az)?
. dy| =1
)

& +a )dz:::du.

Intecratine we
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— 2 o
Z(V2 42+ T
- z og(z + - 2

) 2( 2 g(a 2z +a‘)=tu+c

z (V 2 +a2> + a* 1og(z +m')
Example 7 :
Solve p3 + q3 = &.

————___Mathemauc

= E2(x +ay) + ¢

Solution @
Assume z = F (x + ay) = F (u). then
dz dz

p::?‘-l"", q=a?d_u.

The given equation becomes

(;}‘%)3 (1+ a3) = 8.

Ldz_ 20"
Tdu (1 +a)”
dz 2du

ZV3 - (1 + a3)V3'
Integrating we get

%]
3z _ 2u3v+c.
2 (a+a)”
L3+ =dx+ay) +b (2)

This is the complete solution.
Example 8 : |

Solve x* p + Y=z
Solution :

Take X = logx, Y = logy

dX:gi’dY=é;'
X y

The given equation 1s

)
X (u_\ N (Q_z_\, o (1)
y r'_)'\‘ @ \} a}. - Z'

»



9 s N
o,
Y Ny
-

{62}‘ ()'.»a
v o+

This equation becomes | @)
\ / ‘dyj <2
Assume 2 = F (X +aY) = F(u) where

=X
*
\»

= = =aq—.
X du'dY  du

zz[( 365)2*(35)#1(1)

Take X = .logx :

z=F(X+ay) = F (u).
Then equation (2) becomes



6.35
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. Al e 22 o
{ntegrating ¥ 1+ a* 5= +u-+c.
Therefore the complete solution 1s

,-——————-2
(ie)‘1+az%=t(logx+ay)+c,

Exercise 3
Solve the following equations
2
1. p2 +pqg=1.

2.ap+pq+cz=0,
3.2g=p(1+4)

4.7 = pz'—- qz.
s 4(1+2)=9"p4
6.1 +p2 = qZ.
1.8 +q = 64z°.
8. pq = Z.
9. p2 +pq2 = 4z.
0pz=1+ qz.
1 A=l+pt+d
2. ¢y =2 -P)



Partial Differential Equations
Section 7 _\\

standard Type IV -
partial Differential Equation of the type

fixp)=10:9)

In this type of equatién z is absent. Also the termg ¢,
¢ can be separated from those containing ¢ and y

Let fi(xp)= 0=k (D
(ie)f, (x,p) = k. Solving for p we get, p = F1 (x).

Loma) =k. Solving for g we get ¢ = F2(y).

nlajm'ng‘

0z 0z
Also dz = axdx+ _axdy.

= pdx + qdy

= Fy (x)dx + F2 (y) dy.

Integrating [dz=[Fi(x)dx+ £ @) ady.

z=[F madc+[F()dy+c

This is the complete solution.
Example 1 :

Solve p2 + q2 =x+y
Solution :

2 2 _

P +q -T-x+y.

pr-x=¢-y=k

« pl =k : g% -

apt=x=k; g"-y=k

p=xVx+k.q=xVy+k.

dz = pdx + qady.

=+(Vx+k)de £(Vy+k)

Integrating we get the complete solution is

=:§a+m”:§@+@”+a-

L]

=% % [(x T+ R e



2637

e

Example 2
pz +q2 =z2(x +y)

Solution :

— __Mathemau

Dividing by 2,

) f) -

Take Z = logz z
s AZ _ oz
dZ=";‘ Py > = Z d %

The given equation becomes

z\', 9_2_)2_ .
= y =x+y.

2 / 2
(i€ (%%} -’x = -ty + L%) = K,

Therefore dZ = 2= dx + syg dy

-+v‘—dx+\/—;dy

lntcgratmg Z= & = [(x T k)y2 +O- k)yz]

— 2 ¥
logz = 3 [(.x )"+ ¢-k)*] +e
Example 3 ;

Pty

Solution .



—
=V +de+ Vk +y2 ay.
Integrating we get

— Vo .2, k. .-
Z=§'\/k+x2 +-I£sinh-1 (V’%) +§ k+y2 +.;smh 1(%)+

k
2 ,

' . |
%z”:_ _;_ Vi+ 2+ % Vi +y2 +§ [sinh“I (V%) + sinh™* (v%}]+

‘This 1s the required complete solution.
Example"d :
 p+g=sinx+ sin y.
Solution :

p—sinx=siny - g =k,

cP=k+six; g=siny -k,

dz = pdx + qdy

= (k + sinx)dx + (siny - k)qy,

Integrating we get

z=(lor-cosx)-(ky+cosy)+c,

2=k (x-y) - (cosx + Cosy) + c.
This is the cdmplete solution,
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%39 Mathematics
. 22,2 1. 2
EampleS: (7 +g) =¥ 1)
Solutiﬂn
(&) (&)
2145
. Ox oq
Take Z=z°
oz o4 oz 0z
= — =%
Ox ox ) oy
1(52)’ 1(62\2 .
= | 4= = =x'+y
2\ Ox 2\ Oy )
2 \?
(Q'Z') ‘{g =40 +y7)
ox o )

é-z-= vax?+k 2{= «,/4_v2 -k
oy
ol oz
62=-—ax+ —_—
relahirel ¢

=vax? +k dx+\/4y3—k dy

r T
-_—2Jx'+§ dx+2dy‘-§- dy



Partial Differential Equations ‘

Example 6 : \\

Solve ¢ = = px + p?

Solution :

pz-px==q=k.
2
p ‘Px=k-'-p2-pr~k=o.

xx Vel 4 4
p:

2

dz = __i"}xz'f"ﬂ(

pdr + gdy = dr + kay,

2
12. |2 2
(2+x) +(‘§+y) -1
B.qei)pz
14“? ,}'zqza]

5.0y (1+2) < =g
16. P+q=px+q



Equations |

=R where P, O, R¥

: : s lith
' dx ay

fferential equation,

We shall now consider

.. 1afion.
the mecthod of SOiving such an equal



Mathematics

It has already been shown that a partia) differential equation of this

function from the equation

In other words F (u,v) =0 is the solution of the paftial differental

equation Fp + 04 =R'. We are now required to find the values of u
and v and have the solution F (u,v) = 0.

'Let us assume that u (x, y, z) = ¢, and ,V(x,y,;z):cz,

be tWO solut?ons of the given linear partial differential equation. Taking
the differentials of the above two solutions,

L P P S ,
du—axdu+aydy.+~azdz-d,ﬁ (1).
v av oy
= 4+ — —_— =
av axdx aydy+azdz 0. (2).
dx .dy

ou ov  ou S  ou dv ou ov

—— | S— gy S— rE— GRS capgy  T—— CE—

_ daz
Tu_ov_u_ ¥
axayayax
0 %=-2-% A

It is now easily seen that u='c1 and
S v=c,are solutions of the equation (3). Then, |
¢ ,v)=0. (ie) u=¢ () is the solution of the linear partial
differential equation Pp + @g = R. Hence
Procedore For Solving Pp + Qg = R.

. dx
Step 1 : Form the auxiliary equations - =% R

Step 2 : Find two independent solutions of the auxiliary equations sa¥

U= Cl &y = cz
Step 3 : Then the solution of the
¢ Wv)=0,0r u=¢ (v).

given partial differential equation i



rtial Diffcrc-nliai Equations ‘
Parl)

Solve X p+V q=2

Solutlmn \ Lagrang C’* lincar cqua[i(m
This 18
The audliary uquauons are
dx dy _&
)’ Zz
de _d
Consider x‘z" = y3
1 1
Integrating = — ~ =¢.
’ X y
dz
Consider 5 = 3
yo oz
.1 1
lntegralmg ——-—=
z
1 1
. The solution is ¢ = —1',— -=1 =0
x y'y oz
Example 2 :

Solve (y +2)p + (2 +x) g =x +y.
Solution :
- This is a Lagrange’s lmear equalmn
The duxxlmry equations ar¢
=d _ d
v+z zZ+x X+y
(ie) __,__,y____ dy - dz - _q.t_dv dr+dy +dz
TYooy-z ey 2(x+y+z)
Consndermg first two members and i integrating we get
T 4
y=-z
Consndcrmg first
(r-;) (X+y+z)=,
" The solution ; 1S

Y=
¢ [\..q (v = )2 X+ 4 - )J:()

=c

and last members  and integrating we £



gxample 3
Solve yzp +xzq =x2y222
Solution :
The auxiliary equations are

o
B

Integrating Y; = -z—l- +c
1
> é + ; =c
. on ; 3 ¥, 1)
.. The solution is ¢ <x3 -y .3 +-Z-) = 0.
Example 4
Solve Y zp +xzzq =y’ x.
Solution :
The auxiliary- cquatmns are
& _dy _dz
yzz R yzx
j—?i— = % =>x2dx =,y2dy .
Integrating x? dx — y* dy = 0 we get
2-y=c

Consider 1st and 3rd members,

34



Partial Dxffcrcntlal Equatxons

yz sz'

[ntegrating xdv = zdz = ( we get
d-t=c

~. The solution is ¢ (x -y3 2 - yz) = (.

Example 5 |
Solve (mz ~ ny)p = (nx = 2)g =ly - mx.
Solution :
The auxiliary equations are
de  _ dy __d
me-ny m-lk ly—-mx

Using multipliers x, j, z we get each ratio
_ xdx + ydy + zdy

Tx(mz-ny) +y(ne-iz) +z (b~ m)
_ Xxdx + ydy + zdx
- 0

nxt +y?+ 2 = ¢ is one solution.

Also using multipliers , m, n, we get.

ldx + mdy + ndy
I(mz-ny)+m(nx ~iz) +n(ly -m)
=Idx+mdy+ndz‘ '

0
~.lx+my+nz=cis the 2nd solution.

each ratio =

*. The general solution is ¢ (x* + y* + 2%, & + my + nz) =0.
Example 6 -
Solve (y=2z)p+ (z-x)g=x-y.
Solution : _
The auxiliary equations are
& _dy _ d: _d + dy +dz
Y-z z=x x-y 0.
cdx+dy+dz=0
Integrating we get x +y +z=¢"




— Mathemagic,

Integrating we get x )2 4 2. o

+. The general so.ation is ¢ (x + y 4 z, +¥+2) =g
Example 7 |
Solve (32 = Hy)p + (& - 22) g =2y - 3,
Solution :
The auxiliaty equations are

& &y __ d
-4y &-2 -3

Multiplying by X, , z, respectively and adding each ratio is equal to

xdx + ydy + zdz :
x(3z ~ 4y) +y (4 - 2) +z(2y - %) :
_ Xdx + ydy + zdz

U
=>xdx+ydy+zdz=0_
Integrating we get 2+ y2 +22=¢c
using mulitipliers 2, 3 and 4 and adding, each ratio
2dx + 3dy +4dz

T 23 -4) +3(&-2) +4(Y - W)

_ 2dx +3dy + 4dz

= = i

= 2x + 3dy + 4dz = 0.
Integrating =2dx+3dy+4dz=c2. , .
*. The general solution is ¢(x2+ y +z 2+ +4)=0.
Example 8

Solvcdx+dy=(1+2xy+312y2)(X+Y)z'

Solutiog

The auxiliary equations are

i
dx -
—f=% -(1+2xy+3xzyz)(x+)’)




rential Equations

. Diffe

L e :
Also x+)) (1+2ty+3tzym
@) 3

“rty T+ 20+ ey,
(ie) (1+by+3tzy2)(dxy)=§

Integrating we get xy + 2y + Py’ =logz+c }
- . The general solution is ¢ (x-yxmt 2Lyt 4y log2) <
Example 9 | ’
solvex(@* - p+y (-2 g =26 =)
Solution : |
The auxiliary equations are
dx _ dy _ dz
@ - -2y 26ty
2 dr + y3 dy + 2z
Fot -+t -2 + A et -
La+yay P E
0 - . ‘i
Integrating we gét Ayt s H=c

Each ratio =

) (1)
dv dy 2d-
+ 7
Also each ratio = . Xy o=z
20t -2t Joxt poyd -2y

dx L[y d
+ 7 +2--
Xy z

0

| j, ’ oy
=£l+-‘—(l—+:f£:0

\' ] . -

[ntecrating we get yy-2 =

. o L
THe ceneral solution is ¢, . RN



Example 10 IS
Solve (¢ = yz)p + (2 ~zx) q = 22 - .
Solution :
The auxiliary equations are
“ & _ dy . dz

x'z"yz yz-Zx_Zz—xy
Thus each ratio is equal to
 d-dy  dy-ds dz — dx
x+y+z)x—y) (x+y+z)(y-z)“(x+y+'.z)'(z__x)

dx=-y) _d{y-2z) dz-x)
X=y y—z  z-x

Integrating we gc\t i—:—% =c - (1)

- xdx + ydy + zdz
o +y +2%) - %
dex + dy + dz
X ayt byt Sy - yz - n

Also each ratio =

Also each ratio =

xdx+ydy+zdz
(x+y+z)(x2+y +22 —xy— yz—-z.'
| detdy+dz
Ay vt -y -y -
. xdx + ydy + zdz
=d(x+y+2).
(ie) P x+y+2)

xdx+ydy+zdz— (x+y+2z)dx+y+2).
Integrating we get 'S +y +; =x+y ‘,“l) tc
*.The general Solution is ¢ %—:—{-,xy +yz + l") = 0.
Example 11
Solve (¢ —y2 = ) p + 274 =

Solution :

2
e _dy &
= 2az.

2-y-7



Consider '% =& e

{ntegrating we get
logy - logz =

++one solution i f =

xdx + ydy + zgy .
Also x(xz--yz--zz)+Zty2+21:z2
_ Xdx + ydy + zdy
-.x(.l;-!-yz-l-zz)
. Xdx + ydy tady gy
C Pee?
d(f+y2+é=iy
Prpe2 Ty
Integrating we get
log(42+y2+z‘2)=log;'y’+log'¢,'
SOllltiOBiS X2+y2+22=_¢onr x2+;’2+zz=c
*- The general solution js

’ (X x2+zz+z?)-

c

pf ) | == 0.
Example 12 .

Solve be (b — )YZp + cq (c ~a)xzq = gp (@ - b)x.
Solution ; B | ’

The subsidiary €quations a7

TR



%53

 w@dxtbydy+tazdz=y, Mathematics
Integrating we get
a + byz +c =c.
Using multipliers a*x,b%y,c?z cach ratio is equal to -
@xdx +blydy + ctrdy

aszc(b-c)yz+b2yac(c-a)'xz+abc2z(a-b-
__azxdr+bzydy+czzdz >
- 0 4
(ie) a*xdx +bPydy + Pzdz =0,

Integrating, we get @2+ by + D =c

Thus, the general solution is

p(@® + by + 2, 2P + by + Py =0.

Example 13
Solve(y3x—z:‘)dx+(2y‘-£y)=9z(,3_,3)
Solution &
The subsidiary equations are.
& __ b=
Fr-n -7y 9% (@ -y
& dy &z
: x __ Y = L2
(0  F_32 -2 3@V
dx -d-z dz .£+Q+g—
‘;_-h)’*-; =X y ¥
.),3_334.2);3—:3-&31}‘3)'3 ’
=£+g+£¢0
x )
Integranngwegctx}ygl"c I
, 2dc+ydy
Alsocachrano-?o',_b})_._ys(zy?_. '

e (]



| - quations
pas hal Differential £QUaT .
I o - x x J_*/‘.V ?“"\
3 M . = - ‘0\

Q: (13 -y) "U’

i

‘L' -’d‘*\,,

(‘l’l. ’;(x + v \

Integrating we gel

log (r *\3"“‘““‘% + low

(1e) (o 4y P -
" The geacral solution 1 '(x y x (x + v‘) !
F.u-plc 14
Sove 1 (0 +2)p -y (F + 2)g = 2 (1~ ¥)
Solution :
The auxbary equations are
& 9 &

S — wen S E—
- = L =

E

(y'+2) =y(r+2) -9

dx dy @
: x' ¥
(le) aTTT o= ry = _._.:.,_.
P . 2 - M
Y *: @+ -y

=X 2 2

0
& & &
X+y+~;.0'

Integrating we get 7 =
Also multi

iplying x y, =1, cach rao i equal 1o
Xdl + b(f') - d:

—. _._.*________
e Sty

r‘(} +v)..2(r2+) = ().

-z(r‘-_2

xdx+\dx—-d;

O ==X
-‘-xdx+_va.\»-dz:=()‘



26.55

Integrating we get % + yzl ~2=
. The general solution is ¢ (xyz, 2 + ¥
Wple 15
Solve (x+y)}p + (x —))zg =22 + 2,
Solution :
The subsidiary equations are.
& _ & o _dz
CFYE " G-y Fap
Using multipliers x, ~y, —z each ratio is equal to

xdx-ydy-zdz=0
0 : (),

. xdx — yafy zdz 0.
Integratmg we gct x -+ y -2 =C
Also each ratio is equal to
ydx + xdy _ yax + xdy
REE)+2E=-Y) 2+
Taking this along with the 3rd member we have
yax +xdy  dz
12+ Ry 169).=
| Intcgraﬁngwegct?;ty—-zz=c. | |
' . The general solution is ¢ (% —y* — 2, 25y — 2) = 0.
Example 16 |
Sotve ( +y')p + 29 = (x +y)* 2
Solution :
The auxiliary equations are
I 2
x2+y2~ 2y (.7c+y)zz2
From first two members each ratio is equal to
dx+dy dx—dy
G+y? @-y?F

Mathematic

-2) =,




-y
de+dy _ &2
@ +y) & +y) Z
| dz
(e) d@+y) =
Integrating we get
x+y=f%+af
1 .
rty+-=c
1
- The general solution is -—ZL—,x +y+—| =0
R s
I+yp+( +x)g=2
Solution : N
The auxiliary equations are,
& A g
. I+y. 14y~ z ‘_
!.e (‘1+x)'dx = (]_+y ) ‘
Integrating we get ’ %

(t+1)2"(y+ 1)2 =¢c .
C=ya+y+2)= a
Alsp &—dy Ldz
~@-y) "7
lntcgrating we get 2 x - Y)=¢

- The general solution js .- [(x “NE+y+on o 1=l
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