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Linear Homogeneous Equation apq Var
| ati,,
Par: Y
So far we have studied the methods of solving linegy b,
differential equations with constant co-efficients. Ley 5 nowsec(’“d,
methods of solving linear differential equation with Varigh), Copg; d:‘
Let us consider a linear differential equation of the type c%fflcit.

n n—1 n_z
o é_xﬂlxn-li_:% ran 28y
dx" dx" A2
+a, _1)% + agy = F x).
where 41, G2, @3, oo an are constants. This equcation j

Called

homogeneous linear equation. This is also called Cauchy - Euley "
iy

The substitution x = ¢” (orz = log, x) converts this differeny;

‘al Cquati{
with variable co.efficients into a differential equation wi , -
co-efficients. / a

For the substitution x = gf’(orz = loge x) it follows,
dy _dy dr_ dy o dz_1
2 de'dz  dx (‘.‘dx'_x)
Hence x % = % (ie)x% = «.(1) where D = %
2
dz? dz " dx
“&Ed 4
&dTrg (%)
dx
= Z . % + X 121. .g,x__
d’ dz
= % + XZ gfz 1,‘,
a2 fusing
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2
=(D°=D)y (D or D (D - 1)y where D=2

Sjrnilarly we can show that

ELS

dx3

qubstituting (1), (2), (3). etc in the given differential equation (1}, we

.o a differential equcation with constant co-efficienis. Earfier we have

—cen the methods of solving a lincar differential equation with consiant

co-efficicnts. Therefore we can solve the converted linear equation with

~onstant co-efficients and hence the solution for (I) can be obtamed n
cerms of X.

Lagrange’s Linear Equation
An equation of the type

1)
A D)

d" 1 d*7!
ao(ax+b)"-?;nx+a1(ax+b)“ 1;{3{* ...... ay=F (x).
where ag, @1, @2 ...an are constants is called Lagrange’s linear equation.
put ax + b =X

Then % =a
Now 4_4d[d) a 4
dc dX \dx dx
Also -d—z- = q’ -12-5 etc
&  dX
~. the Lagrange’s equation becomes
-1 _ \
“o“n){‘—li-a iy 18 Yy 4 any=F el
ax" ! a

This belllg the homogenedus differential equation of Cauchy Euler
UPe We can solve this equation.
Example | |

Solvexzdz__l._ dy _ 4
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Solution : |
This is a homogeous linear equation of Cauchy . Eule, 0

Let x = ¢*
. 2= logex.

Then, we know that
dy _ _4d
x === Dy where D :

ﬁ%ww-l)y

The given differential equation becomes
D(D~1)y—2Dy -4y =¢*
(D*~D-2D - 4)y = ¢*
(D? = 3D - 4)y = ¢*
The auxiliary equation is

mt—3m—4=0
(m=4) (m+1) =0
m=4 -1

. The complete solution is
y=Ae" 4+ pez . < ze*?
- 2 B 1
y=Ae™ +_ 4 2,4
2 T35
- 44. B 1
y=Ax" + Tt gx“logx

Example 2

d
Solve x? ay + 4 —



L mcar Homogeneous Equation and V.
ariation of p
arameter

5ojution :
This is a homogenous linear equation

Letx=¢"(ie) z= logex.
Then xgx = I)y where D=

J‘“fy‘-D(D 1)y.

The given differential equation becomes
[P@-1y+4Dy+ %] =sinz

[D*y-Dy+4Dy+2)] =
[D2 +3D +2] y = sinz
The auxiliary equation is
m+3m+2=0..m=-1 -2
The complementary function is
y=Ae %+ Be &
The Particular Integral is

Pl= 1 sin z

D?>+3D+2

244

= 1 : 2
== _1+3D+zsmz put D -—1..

1 .
sinz

3D + 1
(3D -1
oD% - 1

_@D-1 .. inz _ (3cosz — sinz )

B 10 10
- - — sinz
The complete solution is y = Ae™ " + Be 2 _ 3008 210
. A B 3cos(logx) —sin (logx)
) y ] + o —
x 10

sin z

Example 3
Solve x“—idg - 3 % =x+1



The given diferential equatior becoms
i’D(D"' I) "‘3i9;y=g‘ +1

The auxitiary equation is m”® — 4 =
m=04,

ihe complementary function is
y=A + Be¥

The Particular Integral is

Pl=———e'p —
D*-4D D -4p
i z 1 0z

-1, 11 0z
3°78Dp¢
it O 1
=3¢ a?
he complete solution is y=Ad+Be4_1 &t — 21 2
y=A+ Byt —‘-’-logx
F.xample 4
2 ’
Solve x —X + 3):;;21 leog.r Al
Selution
Let éX = V. Then “)° =4y and =< d3y 121/
at  de TU L3S

. .the given DE becomes
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xz-d?+3xzx—+ V=2logx.
Let x = ¢

Then equation (2) becomes
[D(D-1)+3D+1]y=ze21

(ie) (D2+zo+ 1) y=ze®
The auxxhary equation is m® + 2m + 1 =0
m= -1 -1,
The compl—emcmary function is
V =e7(Az+ B)
The particular Integral is

SZo= logex

', the solution is

2
V-e’(Az+B)+-1-e21 z-3
2

(,e)i‘l-g (,41+B)+-—e Z =~

o

X 2
‘-x(Alogx+B)+—— logX“g)

Integrating, y= Afxlogxdx + fodx + f log xdx — f

-2)

e



Let x = ¢ .'.z-logx
The given equation becomes
[D(D-1)~20-4]y=eh+2:

[02—30-4]y=eh+?z
The Auxiliary equation is

(m’-&n-4)=2.(m1—4)(m+1)=o

ame=4
The complementary function jg
y=Ae 4+ g2

3 z
=-—ll’1+02-30]z
4

B e z ~——
4
*+ The complete solution is

2 -1

&~

0
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y=Ae" + Be ' - leh _Y (3
6 2\" 7 %)
y'sAx‘+-B—-é-19.E£+§ |
X 6 2 8
Example 6
Solve é + l Q = .1_2_}03_{
i x & 2
Solution @
The given differential equation is

‘J% +x%-l2logx

Let x =¢* (ic) z = logex

The given cquation becomes
[D(D—1)+D]y-1zz
Dzy- 122

The auxiliary equation 1s
mi=0..m=00

- The complementary function isy=Az+B

1
Pl=—122
D?
1
= 213
*. The complete solution is
y=Az+B+2%
y=Alogx+B+ 2 (logx)’
Example 7
Find the equation of the curve which satisfies the differential equatio
ngle of 60" al x =1

43%—4:%+y=0andtomhcsxaﬁsatana

Solution :

Letx=¢
The given differential equation becomes



49 T‘TD(D‘”"‘D+M
@} -8D+1)ymg.

2 |
" jon is 4n° —8m + 1= .
The auﬂhlf)"‘qubon\@
cm=(122)

mplementary funcuon is |
" e comp + By, (i--l)z
=.46( Be
y 72 L _21
y:Axl"-zl‘f‘&
Given y =0 when x = 1.. A +B=0. |
r o
z A(l-f--@-) +B( --5'3-).: "
_Givcn%=tan60 =6‘alx=l
.-.A(1+—'/25)+3 ‘1--‘;5 =V3

.'(ie)A-zi-B—zia‘\G

“A-B=2
7 A+Bao
ZA=2A=LB="1.
V3 V3
) (“2) ("T)
..yax
Exampe g
Theradxaldulacc
axis is given by PHement U in o rotating disc 5 a distance r from
dy 1

find lts disp]

acement,
Qolutlon

The given €quatiog ;4

ﬂé”du

E,"““=~kr3

=l .
Th ' 'LC‘ ’.—e ..Z%iogr
¢ 8iven equation becomes
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D(D - + D — c‘c' 2

(D “'1)1& = .._ke31
The auxiliary equation is m?!— 1 = (

m=x],
The complementary function is u = 4¢? 4 B2
.
D*=1
k 3z

==3€

8
. the complete solution is

u=Ae +Be* -% e

u"Ar+-—-—;
Example 9

Solve x* i‘—zx 3:ﬂ+ Sy = x* sin (log x)

Solution :
x=¢ ..z=logx
The given differential eqution becomes
[D(D—l) 3D+5]y=¢ sin z

(D’—4D+5)y- 2 gns
The auxiliary equation is mt—4m+5=0
m=2%i

The complementary function is
y = e (A cosz + B s'mz)

Ple—2  Heinz

D*-4D +5
22 1 —|sinz
(D+2}-4(D+2)+5

=e2.2 1 sin z
D +1




e Ny!
= 2 1 iz :\{d"

= CZZIP of "2"];72 Ciz

- eZl[P [—%—‘-z (cosz + isinz)]
_ ezzl COsZ -(
2

The solution is y = [A cosz + Bsinz] ~ LZZLOS_Z

y= 2 [A cos (logx) + B sin (Iogx)] - glogx cos (logx)

Example 10
1
(1= 1)

Solve (x‘"D2 +XD+ l)y =

Solution

Let x=¢€* ".z=log, x
The given equation becomes
[D(D—1)+3D+ I:Iy: (l-ez) -

.(Dz+ZD+1)y== (l—ez) 2
The auxiliary equation is m? 4+ om + 1=90

Sm=—-1 -1,
The complementary function iSy=¢~2 (Az + B)
1 1
Pl =

D+1)% (112
= D——-—-l [e_zf _\ez

1 [,
D+1[—e f(l-el)—Zd(_ez)j;,

»)




Linear Homogeneous Equation and Variation of Paramet
er

A.10

D+1| 5]
=1 ezz 1

ef(1-¢é
A
=e 1+

Linear

dz

| 3

1-¢

=e ’ (z ~log(l-—e )>

.. The solution isy=¢ “(Az+B) +e " [z —-log (1 - ez)]

(ie)y =—}C- (A logx+B) +% [logx—log('l —x)]'
y'—'"'}og;+8 "log(lix)

Example 11

Solve (1 +x) Z;+(1+x)dy+y 25m[10g(1+x)]

Solution
put 1+x=X
The given equation becomes

X2%+X%+y=25in(log){)

Let X=¢ ~.z=loge’
*. The equation (1) becomes
[D (D-1)+D+ 1]y = 2sin (z)

(D2'+ l)y =2sinz
The auxiliary equation is mi+1=0. .m==%i
The complementary function is y =4 cosz + Bsinz
PI=—- |

5 2sinz
D +1
=]P- 2 2"
D*+1
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= =2 (082
-, The complete solution is
y=Acosz+Bsinz—~zcosz |
y=Acos(logX) + Bsin(logX) - logX cos (log X )

y = A cos log (1 +x) + Bsin log (1 +x) — log (1 +.x). cus )y,

Example 12 .
(1+x)2§3+(1 +x)%+}'

Solution :

= log (1 +x)* + cos {Iég(i t

l+x=X _
S |
X ;%+X%fy=4logX'+cosIOgX T

z=logX, D =£—
- [D(D-1) +D+1]y=4z'+ cosz—

(02 + .1) y "'-4. + cos»z |

CFisy =c cosz + 6 sinz

. The complete solution js |
y=c coslog(l +x) +czsmlog(1 +x)+ |

4!og(l+x)+ 108(1"'1) sin log (1 +.r)]-
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Exercise |

Solve the following Differeniial Equations -

1.1};%*'4!%‘*2}‘31".

4.3:’%+11x%-3y=8-3logx

5. Py, + 6xy, + 4y =0
6.xy2+3y‘—%y=x2
1.2y —y=(logx) -1
8.11y1+3xy,+5y=xz
9. P yr + 3y + dy = cos (4 logx)
10. By, + Ty + Sy =0
11.:2y2+3xyl+y=xlogx

. IZr’yz+%y;+y=x
13. Xy - 3y + Sy =leogx
14.1'2)'1~t~'bcy1+Sy=rs

15. ¢ % + 33% + xy + sin (log x)

— —

16.r%+%_%- o’
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19,XZYZ+y=3x

zé & 4 5y =xcos (logx) +3

1. (2D} + 4D + 2)y = + sin (log.x)
22.):2y2 -y, ty=12logx
2. by, + ey, -y =4

24.):2i—f{%-7x§-}%+11y=)f2
25, (x+1)2%+(x+1)%=(x+3)(2r+4)

2
26. (1+x)2i21+(] +x)%+y=2rin (Iog(l +I))

d |
2. (3x+2)2f2+3(3x+2)%—36y=3x2+4r+1

‘28, pae 2&_ , dy
( +1) 2 2(21""1) —12}’=6¥"
dzx 1 121
29. 2+;92.—.JH

30‘x2y2“4l}'1+6y=i42_
X

3. x2y2 +4xy1 + 2 =xlogx
32. Xy, ~ &y ey =4

33, (1+2x2172+‘
Uy (1+2r)%+x;3(1+2r)2
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Linear Homogeneous Equation and Variation of Parameter 4.16

— od applics even when the co-efficients of the differential cquation
are functions of x provided we kno.w a fundamental solution set for the
corresponding homogeneous equation. Consider the non-homogereous
linear second order equation

%ﬂw %+q(x)y=h(x) (1)

where the co-efficieit of % is taken as unity. Let y1 (x) and y2 (x) be a

fundamental solution set for the corresponding homogereous equation.

gd%+a(x)%+b(x)y=0 (2)

Then the general solution of the homogeneous equation (2) is
y=t» x) + ¢y, *) (3)
where ¢, and ¢, are arbitary constants. To find the particular solution

{0 the non-homogerous equation, the idea behind variation of parameters
is to replace the constants in (3) by the functions of x.
That is , we seek a solution of (1) of the form
Yp ®x) = ) ¥4 ®x) +v, ®)y, ®) (4)
Since we have introduced two unknown functions v1 (x) and v2 (x) it
< reasonable to expect that we will need two equations involving these
functions in order to determine them. Naturally one of these| two equations
should come from (1). Let us therefore substitute yp (x) in (4) into (1) -
for this we must compute
yp' () and yp"' (¥)
from (4) we obtain '
Y= Nty ) +(vyy, +v2¥;) - (5
- To sumplity the computation and to avoid second order derivatives for
'he unknowns v, , v, in the expression for yp'' we take

v,y v, 'y, =0 .(6)

Then (5) becomes
yp' =nyr’ +vay2 N A7)
Now yp ' =v1'y1' +viyr' '+ v’y +v2)2 +8)

Substituting VoY, yp" 25 given in (4), (5), (6) into (1) we find

32
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o )
+V2y2) : ‘ , X
I syt N2 )ty Yoy,
v 0ty +qy)
hv, 'y = (10) since y, and y2 are th, o
N solve for v," and V' Ul

We can f
us eqnauon o " ((,J

Y1
homogenco

)’1'V11+y2 Y =

From v, and v, Integr ating we get vy and v, as funeg, o

. The particular integral is given by
(x) =V *) ¥ (x) + v, (X)yz (x).

{

The complctc solution Is
y=6) (x) + 734) (x) + Y1 (x)yl (X) + v, (x) yZ )

Let us illustrate this method in the following examples,

Example 1

é +y = tanx.

Solve
dr’

Solution :
J
(D" + 1)y =tanx.

e . . )
The awaliary equation is m“+ 1 =0 ..y =

- ol

The complementary function is V= A cos s + b <in

Let the particular integral be

V=Acsx+ Bsinx (2) wher

I)'ﬂ([“'“‘li‘ r";“f", j)' U,;" resnect tey v

e trom (3) we by

Further ¢
Liff lerent; aling with re. i

et g

v .
M P

’!1) ¥ oee .§°



Lipea: Hlomogensous Egquation and

e e et - .:‘.-}“‘v Aoa o 3¢
Qubstituting (6) and (1) m the gven diddes T
- (teesy T E w”\.m 1T AT+ 08 s+~ domy+ Jamy = o
‘\Zt'\‘ - ‘{ sny + 5 QN = "1:4 e
{ ot us now sobhe for 4 and 8
A cosx + 8 anx =0
— 4 sn + 8 cosy=tamx \t\
\
(4) cosx = Ju ot ghves A = - lanysny
. Dl unxoesy
B DI Gax
siny
.-\=—J‘t.mrsinxil=— M
. N\
cosx—1
=] - — £
COs X
= sinx — log (sec 1 + tanx)
B=fsin.rdt = — COS X
. b .
L PI= [sm.t - log (secx + fapx) | QUsT - SR oo
“ = — cosx log (secx + tanx)
. The complete solution is
V=€, 008X + ¢, sinY — cos X log (Sev x + tanx)
where ¢, , ¢, are arbitrary constants.
Example 2
N
f
Solve €Y +afy=secan
&
Solution :
(D2 + az) y = sec av
- bl
The auxiliary equation s m~ +a” = 0
m==xa
The complementary function is v = 4 cosar = Basa s

Let the particular integral be .
v =Acosaxr + Bsinar where 4 and B arc .rhitrary functions ¢4

y' =A cosar + B 'sinax —aAsnat + o Scosax



%19 —
~ Now take A’ cosax + B'sinax = 0

Theny' = —aAsinax + a B cos ax

I

y'=-ad'sinax+aB cosax - aAcosax\
=-—aA swax +a B’ cosax - a}
Ly +a y-a(-—A sinax + B ' cos ax).

1
(ie). —A'sinax + B’ cosax = ;e

A’ cosar+ B’ sinax =0

: 1
(4) sin ax - (5) cos ax gives — A’ ;secaxsmax
1
= —tanar
a
' t
~'-A'=-ltanxandB =iw=i
a a nax q
A=~ f%tanaxdr andB:j‘%dx

!
—logeosaxr: B=2
a a
. The Particular Integral is

1 X .
Pl= (= log cos ax) cos ax + o Sinax
22
" The complete solution is

1
y=ceosax +c,sinax + = cos gr log cos ax +lxsin¢zr
‘ a a

where ¢, and ¢, are arbitrary constans.

Example 3

~ solve (D* + )y =xsinx
Solution :

The auxiliary equation is m2 +1=90

m= %
The complementary funcuon s

y=Acosx + B sinx (1) where 4 B are arbitrary constant
Let the particular integral be -

y=

Acosx+Bsmr where 4, B,

are arbitr,
y =4’ Cosx + B gml

ary functions of y
—Asiny

+ B cosy



Linear Homogeneous Equation and Variation of Parameler

Choose A cosx + B'sinx =0

Then y'" = —A4 sin.x + Bmsx
Y —A'sinx+ B' cosx — A cosx — B sinx
. —A’sinx + B’ cosx —y
y "*'y —A'Smx+B'cosI
A'cosx+ B'sinx =0

— A 'sinx + B' cosx =x sinx
(4) sinx — (3) cosx gives — A’ =xsin 2 x

e 2
From (3) B' _____xsm X COS X

: = xsinx
Sin x COS X

SA= --fx sin x dx

_xr._sin2 -_1_J‘ sin 2x
2l 772 ]+2 (-3 dx)
=—xz+xsin2x+,\i+'0052\t
2 2 4 8
—x?  xsin2x cos2x
= + 4 —
| 4 4 8
B=J xsm?xdx
1 2 ' ' )
_ —XCcos2x fcos?x '
== tJ T3 &
_ —'xcos2x+sin2x
- 4 8

pon

The complete solution is

. ~  xsin2x , cos2| -
y=c1'cosx+c'>2.sm;c+ 4'+, e + 3 cos X + -
sin2x . _cos2x) .
g 4)5‘“

Example 4

Solve é

+y=Cosecx
il |

Solution :

(D? + 1)y = cosec x

The auxiliary equation is given by m? + 1 = cosecx
am=xi

24

(3
(4

}

/
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M’lﬂ‘t‘ complementary function is y = A cosx + B Sin,
e C . '
where A and B are arbitrary constants.

Let the particular integral t?e
y=Acosx + Bsinx

where A and B are arbitrary functions,
Q= ~Asinx+ Bcosx + A4 cosx + B ' Siny
dx

Choose 4’ cosx + B 'sinx =0

A
dx
&y

5=—A'sinx+B'cosx - Acosx - Bsiny
dx

~Asinx + B cosx

= -A’sinx+B'cosx-y.

ty=-A'sinx + B’ cosx.
dr

~A'sinx + B’ cosx = cosec x
A'cosx+B’sinx=0
(5) sinx —(4) cos x gives —4’ = 1
A= -1
B =coty

Py

B'= fcotxdx = log siny
- The complete solution g
Y =CLC0SX + ¢y siny TXC0sx + (log sinx) «;
X)s
Example 5 y )sins

Solve 4.?2

-— — X e
dx?. de € siny

But .

Solution .

2
@ —D)J’=€xsinx

The auxiliary €quation g 2 _ m=q



Lincar Homogeneous Equation and v,g: .
Variat 3
m(m=1) =0 —— 0 0f Parameter 5,
Sem = 0,1
The complementary function is

Yy =A + B
Let the particular integral be

(1)
y=A+ Bé*

. Be” . (2) where 4 and B are arbitrary functions,
Differentiating with respect tox -

¥
. Y =A +B 4 Bex
Choose 4’ + B' ¢* =

Then y' = Be*

y"' =Be + B’ &,
The given equation is y"’ - y' = X sin .
Be" + B' ¢ — Be* = ¢* sinx
B'e" =& sinx
B'=sinx
B=fsinxdr=-—cosx
From 3) A =-B "¢ = & cosx

X
e :
A=Jecosxdx = = (cosx + sinx)

-. The complete solution is

& :
y=¢;+cyx+ 5 (cosx + sinx) ~ e* cosx.
X

e . .
=c +c2x+-—i- (stn x — cos x)

Exercise 2

1.%+4y=tan2x

2.y~ +2y = ¢" tanx

3. (D + 4)y = cosec 2x

, (521»' .

G, e Ov = sec
a7



dY _ 4y = e
5'43 dy

2

6'%-)’?:1“"

7.y +2' +y=e " cosx

82X —y=¢*sin(e ) +cos(e )

9. + 16y = sec &

R ‘tl@*

10. y'’ + 16y = 4 tandr
11. (D* + 1)y =x cos 2x

12. (D2 + 1)y =tanx
1
1+ sinx

13. (Dz+l)y=
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