resultant
have @& P
:Pm + Py), parallel to Fa 0 I
P, acting at the point C1 oo |

— A'
A,A, such that cL;nl‘fﬂ— ?D{ﬁg .

G ¢
&% P: Fig. 1

T inothe forces (P! +P2) at Cl and P3 at A3, their reS\ﬂtant
40ty :]IP, g+ P,), parall%l té the pall)-allel forces, acting at the point
QNCIAilmchthatc:I:: Iﬂjz

ing in this manner till all the given forces are ex.
1. we see that the resultant of all the parallel forces is 5

gingle force (P; + P2 +P3 +...) acting in the same direction ag
the component forces and passing through a point C.

It is clear that the positions of C,, Cz, Czetc. depend only on
the magnitudes of Py, P;, P3, ... and on the positions of the points
Ay, Ay, A3 . where they act and not at all with the common
directions of the parallel forces, Hence the point C arrived at
through which the final resultant of the parallel forces passes, is
fixed, whatever be the common direction of the parallel forces,
% long as their magnitudes and points of application remain
unchanged. This fixed point C is defined as the centre of the
§n system of like parallel foroes._l

it should be noted that we will arrive at the same point

er jven
parallel forces in °f¢0r we proceed to combine the g

the centre of parallel forces is a unique point.

)
v
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,f;‘ E Centre of Mass or Centre of Inertia;
Let a system of tigi
gdly
‘/(‘:3; 4 connected particles of mass-
o — esm,, M2, M3, ... be placed
(M' ‘G ( ! ral Polnts Al: A21 As,
N Suppose these particles are
IFig. 2 acted on by like paralle

forces, the
e being proportional toits mass. Th orceon each par-

€ resultant of forces m
o i 1, My
s a force m1 +ma parallel to m;orm, acting at the point G, on
A such that

AGy - m

Taking the forces (m; + m,) at G, ang m3 at A, their

resultant is (71 +m2 +m3), parallel to m, acting at the point G,
on G1A; such that

(3 +i v T
GG,K. T m ¥ my
Jing thus, when all the particles have been exhausted,
we arrive at a final point G.

/
4

This point is called the centre of mass, or centre of inertia of
the given system of particles. ] 12 = Pl g

ﬁcum-ly the point G is identical with the centre of a set of like

parallel forces proporitonal to my,mg, mj etc acting at A, A,, A,
ete. and hence as proved in § 2, it is a unique point.

Instead of a system of particles, we have a rigid body of any
shape. In that case, the centre of mass is defined as follows:
We can divide the body into a large number of indefinitely small
elements, On these small elements, we can suppose a system of
like parallel forces to act, the force acting on each element being
proportional to its mass. The resultant of these parallel forces

will pass through a definite point in the body, which is called its
centre of mass.

§ 3. Centre of Gravity;

A rigid body may be considered as a collection of an inflinte
humber of particles rigidly connected with one another. On

S



. gTATICS

art article of t

p thee h, even: P € bog,. .
L ofth attmctm:n‘:fe of the earth with a force Propory: Y ig
accoun rds the C

: is called the wejgp, .Ml

to ; his force 1 : 8ht of
mracted fpartlde- mall as compared with the eart}, t:e
> the

E e 0 e e
s o joill aralle earth, :
ol';'x::lm wi‘ll b)e a;;:ﬁ l:h e weights of the different Dar:tic]:,:
about 4000 miles)- o of parallel foFceS. The resultapg .
of the body for;nl ?orc'es is called the weight of the body and g
these like paralle of the weights of the component partigle; |
to the smllxla definite point of the body. This point jg calleg
::ng:rszsbih ;‘)f lgravil‘y or Centre of Mass of the body.
e

) .
&)/ Befinition: (The centre of gravity'of a bod%e is that pojn,
krough which the line of action of the .wetght of the body ¢ Ly,
;asses in whichever position the body is held.@zm
The centre of gravity of a body is a point fixed relative , j;
or rigidly connected with it. It.may or may not. lie in the body
itself. Thus the centre of a gravity Qf a circular ring is its centre,
which is not a point of the ring.

LEentre of gravity is deneted by the letters C, G.>

= § 4. Distinction between centre of gravity and centre
" of mass.

0 LA body has a centre of gravity only (1) when it has weight
Le. it is acted upon by gravity and (2) when the weights of the
particles of the body form a system of parallel forces, proportional

to the masses of these particles. These two _conditions must be
satisfied, in order that a body may have a centre of gravity.~

Suppose the body is imagined to be removed to an infinite
w In 8pace, away from the earth, so that, the earth does not
\ » Or, suppose the body to be taken to

the centre of the earth, where also the attraction of the earth is
body will haye no weight and there will

i y. But the bod will alw have its mass
which is ‘.Mmmhnt Y ays have 1 .
of the earth's att i which 1s
an iﬂhm WW . raction on it and .
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pgain, if the dimensions of the body

- 1qining its various points to the centre of ¢
fines] to be parallel, the body canp s

will have & centre of masg, for Point j

Supposeqd

re go large that the

But it s :
Jumber of imaginary parallel foreg
(]

to be get;
ints of the body. acting at
Wt pot

_For & hody of any.shape, the centre of mqgs always concig
i s contreo BTV the afgr TSy o onides
1 centre of gravity has its centre of %

3 e eais ki mass, but one having itg
tre of mass - ot have its centre 3
cen of gravity. )

To sum up, :

A1) A rigid body, small in size compared with

. the earth ang
situated on or near its surface, has g centre of

gravity.

P SRS |
A2) A very large body may or may not haye a centre of gravity
but it has a centre of mass, 3

(3) A body outside the sphere of earth’s attraction (it may
be either at a very large distance from the earth or it may be at
the centre of the earth) has no centre gravity but it hag always
a centre of mass, Rt g |

(4‘)' The centre of graity of a body, ifit exists, always coincides
with its centre of mass.

§ 5. The centre of gravity of a body is unique:

We can show that a body can have only one centre of gravity.
" For, if possible, let it have two centres
of gravity, G and G’. This means that,
in all positions of the body, its weight acts
through G as well as G', Hence the weight
acts along GG .

Fig. 3.
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ch that GG, is hO]_‘izOntal

.1 the body > gty o) gy
W), hol 1 : h is 8 ve y Nwar d th
.1,% the weight wh(l_:G' which is absurd. He]ﬂceforce ; c;:
Poslnon’hoﬁzont,al liné f,gravity i.e. the C.G. of ththe bog
0 . Le. e
doﬁtahave 0 centre® © hog, iﬁ
unique- . qtion of the centre of gravity i, .
§ 6. Determl ‘mme
y ,«"w 1. C.G.of 8 thin uniform rod:
ﬁof ¢ ﬂl,;t AB be 8 thin uniform rod of any materia] gpy oy
‘ i mall & :
:dpoint Consider two ST/ e
alpRT s B SRS T
' «uch that GP = U< . :
the rod suc o &\

of these elements are equal and can he i
arallel forces acting at P and Q. The oy -
like parallel forces acts at the middle pOintf:f

The weights
ered as two like P
of these two equal
PQie atG. -

Thewhole rod can be divided into pairs of such equal elemen

idistant from G. For each pair, the resultant of the Weights
acts at G. Hence the weight of the whole rod acts at G and 5

is the centre of gravity.
Thus the C.G. of a thin uniform rod is at its middle poin;

D) MhiL plate or lamina in the form of 5

/Jparailelogram.
.—"_‘—-——-——_-—_' . .
Let ABCD be a lamina in the form of a parallelogram and

let E,F,LLM be the midpoints of the sides
AB, CD, AD and BC, respectively.

f )
® : Divide the lamina into a large number
of elementary strips{| to AB and let PQbe
one such strip.

PQ can be considered to be a thin uni-

f:f:r l;od and so its C.G. will be at Gy, its
. Fgs point,
: Clearly G, lies on EF.
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2
_arly, the C.G of each of the othey 75

he C.G of the whole figure lies on EF. Srips lies on g i
A .

pgain bY T ‘
we see that 1ts C.G. must lie on the line LM yp:
1

ﬁﬁdpoints of AD and BC.
Hence the centre of gravity is at G, the
Clearly G is the point of intersection of the g
agonal

thus the C.G. of a uniform parallelogram is at the poins
ntersection of it8 diagonals. point of

point of intersection

j 7. Centre of Gravity by symmetry: From § 6, it i
Jear that, ifina }n.uforr'n body, we can find a point G SllCl’l that
the body can be divided into pairs of particles balancing about it,
then G must be the C. G. of the body.

The C. G. of a uniform circle or uniform sphere, is therefore
jts centre.
If we can divide a lamina into strips, the C. G. of which all
lie on a straight line, then the C. G. of the lamina must lie .0n
that line.
Thus the positions of the centres of gravity of many bodies |
may be found by considerations of symmetry. P i

\
v §8.C.G.ofa uniform triangular lamina: \I‘Lﬂ)\

Let ABC be a uniform triangular lamina and D, E the mid-
points of BC and CA respectively. Divide
the area into a number of strips parallel
to BC and let PQ be one such strip. Let
AD meet PQ at L. As PQ is || to BC, the
median AD bisects PQ also, Le. L is the
midpoint of PQ.

Fig. 6
8o the C. G. of the strip PQ is at L Le. it lies on AD.
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49 f the other paraljg] ..
of each o i ; e stl‘lps -

., Thus the(é’ Ci f the whole lamln‘a lies on AD Sil:? o N
Hence the Ciria.ngular area i.nto Strips paralle] to A ‘lar]
dividing g‘e(; lies on the median BE also.
that the -the C. G. of the triarfgle.must be at ¢

Henci) n of the medians, which is known 44 cent!
intere.sed-; We know, from geometry, that the Centro;y ilf] ¥
the triangle. in the ratio 2:1 from the vertex. Hencg the ¢ Edes
each x'n::;l‘:n is the point G on the median AD gy}, that AGG%r
the tr e
= 21 o oWV "y g .

'l‘heoretxgl’:r The centre of gravity of a un iform t"iangal

j:‘is the same as that of three eqqal particles Placeg u‘;’
v;u:"tuu,'les or at the nzvilcidl»f_.»’.l?Ol"_"Zts of its ..s;des. '

Let ABC be a triangle and D,E,F the midpoints of i Side

 BC, CA AD respectively. The ¢, o7
‘triangle is at the centroid G, Which ig o,
the median AD such that AG:GD - 91

Yy

" Suppose three particles, each of Weight
W be placed at A, B, C. We sha]] find the
C./G.of this particle system. The weight
W at B and the weight W at C will give g

resultant 2W acting at D, the midpoint of
Fig 7. BC.

The weight 2W at D and the ‘weight W at A will give a resultant
3W acting at the point K on DA such that

= WeightatA w 1
%'Welg aaD~" 2w =13 .

ie. K divides AD in the ratio 2:1.
80 K mugt e the same

Point us G, the C. G. of the triangle

I equyy
CE. of thege . B8 v Placed at the migpoints D, E, F, th

w
w
“igh Ust be at the centroid of the A DEF:




( ENTRE OF GRAVI]
| ¢ i 271

metry, e know that the centriod of the

: ADE
o’ ﬁ::, ¥ soint G, the cgntroll)d of AABC. Hence the C G :;
. . t » i . .
e o particles placed at D, E, F also, will be the same ag

pre ¢ the triangle AB@

W be the weight of the whole triangle ABC. Instead

i three equal weights at the corners, suppose we

fps”8 " W W W ot A B, C.In thi

k ghts 5373 » C.In s case the C. G. of the --
not altered. In addition, the total weight of the

W = the weight of the triangle.

ore: Let

. Jes IS
.des ="

ffence W have the following important proposition:

ofa triangle is statically equialent to that of three
al particles each of one-third the total weight, placed at the
zrtices or at the midpoints of the sides. x
/l 10. C. G. of three rods forming a triangle:

(

or C. G. of o uniform wire bent into the form of a triangle)
Let ABC be the triangle formed by three uniform rods of the
~same thickness and material.
v Let D, E, F be the midpoints of
BC, CA, AB.
Join DE, EF and FD.

I'he weights of the rods are pro-
portional to their lengths a, b, ¢ and
they act at D, E, F.

Fig. 8

The weight a at D and the weight b at E will givea resvltant
weight (a+b) acting at the point L on DE such that

D= pettatS = @

BszAC=2DFanda-BC=2FE.



STATICS

rom (1) 80 @, 1E ~ FE

weight (a+b) acting at L and the Temaing, )
ultant acting at some point o n Cight

Hence the C. G- of the three rods must lie on F[, the bi
/DFE. Similarly, by changing the order of compgyy, ding thr

O b o, b, it coar that he C. C. o the rods mugg e
, e

bisectors of ZFDE and (FED also.

Thus the C. G. of the reds is the point of intersectiop of th,
internal bisectors of the angles of the triangle DEF. ; it s
the incentre of the ADEF.

§ 11. General formulae for determination of ¢}, G. G

" We will now obtain formulare for determining the B G o
any system of particles, whose positions and Weights are
known. ' ‘

Leta number of particles of weights w,, W, ...W, be placedip
a plane at points AL A, A;..A, and

A; (%)  let the coordinates of these poinis
A, (5y,) referred to two rectangular axes 0,
r....!:..;,. 6'(,1’,5) OY in the plane be (zy,y,), (3,92
% » (Zny4n). Let G, the C G of the

: X System, be the point (7,7

Y

Hence ¢, :
"4 %, we €an assume that the plane is vert

the x - axis is horizontal, Hence the
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_ axis The resultant of th ! 479
oY 4. which is al € Weights jg 4 ¢

+Ws also parallel tg ¢}, V-

5 Y- aXiS, aCting

it e point G G, 9.
pprov8”

. taking moment about O, we have

He

RE= wiz1 + Waz2 + Wazs + .,

Wzt Wazad Wazs +......
e B I Wit Vot Wat .. ;zzgwpfva....(l)

For finding ¥, we assume that the plane is vertical ang
and is so

ol that the y axis is hprizonta]. The weights W, w, et
1, Wy ete. will

a
jike parallel forces, parallel to the x - axis

ph

pe all
Taking moments about G, we get

- W + Woys + Ways + YWy

e §= Wi+ W2+ Wat.. i EW ..... - (2)

Equations (1) and (2) gie the coordinates of G.

Note: 1. Since W = meg. where m is the mass of the particles
qhove formulae can also be written as :

-_ Lmz ~_ Zm
s=Zp2andy= T

The point thus found by considering the masses of the par-
tidles instead of their weights is the Centre of mass. The centre
of mass and the centre of gravity are usually considered to be the

the

the C. G. of the

9. In the above result, 7 is the distance of
nce of the C. G.

system of particles from OY and 7 is the dista
from the line OX. As OX and OY
plane, we can generalise the above result as follows:

Let p1,pa,...p, be the distances of the particles of weights
wy3,..u,, from any line in their plane and p the distance of their

C.8. from the same line.



area set of like parallel forceg actj
n

., then (%) the centre of pay,) g, g a

W'f'ﬁE, EXAMPLES

.\ Ex. 1. A thin wire is bent mto the form of a tri angle 43,
¢ " heavy particles of weights P, @, Rare placed at the gty
f‘{ \pomts Prove that, if the centre of mass of the particles e
i rf with that of the wire, then

/¥ de=detan

LetD, E, F the mldpomts of the sides BC CA, AB respectWeI

./

» ' Draw AL and FM 1 to BC,
. 3 1 am Let Kbe the C. G. of the magges
% ) (\ P,QR placed at the vertices.
AL.0, D ( €

b The dlstances of P Q, R from
BC are AL 0 aud 0,

DL c(») : o
L] If « is the distance of K from

BC, then-
Fig. 10

PAL + Q0+ R0
oy O+ (Refer(nnte 2 on page 279)
_ PAL

PrgR )

Co ’
can be ;:(;?d!;w the wire, bent in the form of A ABC. This
being Proporti 1o threy ortions BC, CA and AB, mass of each
onal to the lengths g, b, ¢ respectively.
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e therefore bave three masses nag o D,batE ang

entF

The distancet of masses b and ¢ from BC are

F
dee mass a from BC = 0. Mand the

Since K is the C. G. of the wire 8.180, we have

ax 0+ bFM+cFM R
— a+b+e S 6

G+ )FM _ (b+¢) 1 e “(\;;

a=

Equating (1) and (2).
PAL _ — (b+c). AL

idept g
ie prQTR = atbie

p _ _P+Q+R
otma—ﬁb_*__cj ......... (3)

Similarly by considering the perpendicular distances of the
point K from the sides CA and AB by two methods in each case,

we will have

Q P+Q+R @
c+a _2(a+b+c) lllllllll
| R _P+Q+R
‘; d+b-2(a+b+c) nnnnnnnnn

# Equating the left side members in (8), (4) and ().

w‘”i;’E=E$E=E§'5'

4 Ex. 2. AB'and|AC are two uniform rods of lengths 2a and
% respectiely. If (BAC = 8, proe that the distance from A of the
C G. of the two rods is (a‘+2a’b’cos9+b'ﬂ_ /

a+Db (\" :
¢

“latb+e) (atb+o)2 B

L2
o

)

| Y
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D and E be the midpoints of AB and AC,
Let The masses of the roq,
o portional to their lengthg Tare Pro,
Y ¢ ¢*  asxaxis and the line thrgy,; ,* AB

i
e’ AB as the y axis. DrawELg-L?’OiBto

ThenAL=AEc030=b

. :’) and EL = b sin é.. The COOrde o

A L q.o) » =® of E are (bCOS 6, bsin a) and thOSe ateg

(0,0 are (g, 0). ofp
Fig. 11

We have therefore to find the C. G. of the two magge

S
one mass 2b at E and the other mass 2a at D, Damgly

Let G (z,y) be the coordinates of their C. G. Apph —

2b.bcos@ + 2a.a a + b¥cosh

=

Shfn’ L aap
__2bbsinf+2.0 b’sind
/% 2b+ 2a " adb
A is(0, 0). :
4AG =zT 47

_(a’+b=coso)”+ bsin g
% +b a+b)

7 =¢‘+2“252°°89+b‘ cos? 8 + b¥sin’ @
/ fo (a+b)7?
? 7 28 423 cos 4 bt
(a + b)?

:"‘.‘w‘

¢ + 2% cond 4 1)} + (a4 1)

~
1 Ex g . :
Bofa WA Wire of length 8a s bent a0 as to form the five sides

N

gravity from cfrlw‘::d Show that the distance of its centre of

s V133 —_




TakeABandAEaSXandy

<Y
Fig 12. axes. C,“ g‘} ‘ .ﬁ f‘;::jﬁ
Brrgy o A
y coordinate of G; and Gs ol

{'I' 0 Singo = *&;\:

RD % s
:BGl.Si1160° = %%3 = % /O\(b>@\:‘ A g Blay -2 by,
&

I e
A= lS| o
y coordinate of GandG4 = 3aa[3 v % - n

go”
% 3_ %‘?Ta/ &a\\’}};ngq‘]_fi

Sy |
x coordinate of G1andG; =AB + G, B. cos 60‘( X Cogu el i nalk

& @
" =a+ - cos60 Ty AR
% ; 1 .5a

y coordinate of G3 = 4

o

7 - &/,
274 e
i fG; =% | :
x coordinate of Gz = 5 s e
é@ ?\1’ CD - TR ...f"

-’y‘-"k. L]

and x coordinate of Gy and G4 = -3 ~ o

r LSt - M ‘;
= Gty Aeiyeen 1 |
‘s & ,

We can conveniently tabulate the masses acting at G, G,,
ete. and the coordinates as follows:
Mass x-coordinate y-coordinate

8(G,) .#

a
a(G,) 3

g_i[:
8(Gy)

- .’-’,\'“

3
3
a3

)
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a(Gd) :; | : gﬂ

i ' the C.G. of the
oordinates of G, G Whol,
Let (¥, §) be the ¢

%g+a§r+a,+a( )'“'( )

I‘e‘

Ais (0,0) and B is (a, 0)

? [8av3 .\
524G’ = (5-—0) +(-——--‘f-0
. 4
_a’ 274 1332

4 25 " 100

§  hAG= ..._“Vl, ;33

d BG’z(a-..g)z.,.(o__sa 3)2= 3342
Hwanahuma 2@]
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Ex. 5. ABCD is a trapezium in which AB and CD are parallel

‘/ and of lengths a and b. Prove that the distance of the centre of

,\mass from AB is :’3‘- (Qa—‘_ﬁ_—zbb) where h is the distance between AB

5" and CD.
(B.Sc. 54; B.A. 50, 45)

Join BD. The trapezium is divided
into two triangles ADB and BCD.

AADB = %A.B.h = %ah and

ABCD = 1CD.h = Ltk

Replace the weight of each of these

Fig.15. triangles by particles equal to one-third
of their weigl'ts, placed at their angular points. We then have -
the following distribution.

Point weight Distance from AB

A = 0
D gh 4 bh h
B ah 4 Bh 0
C bh h

If r is the distance of the C. G. from AB,
P xo+(F+ B) ht (G +38) 04 R xh

IR

_ah?+2bh? _ h(a + 2b) {:,
3ah+ bh)  3(a+b) jﬂ {ﬁ




