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A5 P8 gmdually Increased, the force
ePat each instant. This state
w :;‘n value when the body is jys
b 0 s stage the force of friction
J\ ond equilibrm.m is about to be broken. When p is further
gl ~ o ¢ cannot increase further, since it has already reached
?d maxlmw'“m' The equilibrium is actually broken and the body
::gins to move.
Thus We find that so long as the body remains at rest, the
o friction dep'end.s on P and is just sufficient to resist
fo his case, friction is called statical friction. Thus statical

In Ko &
p. 5 n is a self - adjusting forc'e and is just sufficient to maintain
fnduilwibﬂ“m If P ceases to exist, F also vanishes, as otherwise,
zebod)' will move in the opposite direction. Also the amount of

atical friction varies from zero upto a maximum value.

Tupes ©F Foickicy )
/ § 3. Statical, Dynamical and Limiting Friction:

F also increages 80 as
Wwill continue til] P attains
t on the point of motion.
has attained its maximum

(When one body in contact with another is in equilibrium, the
. ison exerted i !.Et sufficient to maintain equjlibrium and is I
{:z?ad statical friction-) g i
i
-r\Wben one body is just oéz the point of sliding on another, the ,
friction exerted aftains its maximum value and is called limiting
friction; the equilibrium. in f is case 18 said to be limiting.)

X!
(When mi'g;’? erg;_egg}{one body sliding over another, the

fricifon exerted is called dynamical friction. ) ¥

0 o :

§4 lﬁWj‘,oI_.Eﬂctinn%ﬁon is not a’ mathematical
concept; it is a physical reality. The results of physical observation
ad experiment are formulated as the Laws of Friction.

’

c ) a
Law 1. When two bodies are § contact, the direction of
idn o one of them at the point of contact is opposite t0 the

——

direction in which the point of contact would commence to move.
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when the body mMoVES, than when it is in limiting eq”il,_ibriuﬂ
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of a large number of experimc;nts. 124
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to prevent or o;"a $6 the motion of the point of contact. It cannot
by xtself produce motion of a body but it maintaing relative equi.
libnufn. I? is a self-adjusting force. It assumes such Mmagnitude
and direction as to balance other forces acting on the body. Such

a type of force is called . e
ol 8 passive force.) Friction is thus a purely

The f g o :
really ben:ﬁr:a:ft,&t:fo:{‘ tho‘fgh considered to be dissipative is
thout it, most formsg of motion would be

impossible, .

ham: igm%;ver;cm friction of the ground, walking would
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' cient of Friction: In § 4, by law 3
l *\5 6 w:cﬁo n between two bodies bears 5 con;t::tkrl;zz

e “miod:;l reaction bet\.weex_l them. The ratjo of the limiting

& e nm " normal reaction is called the coefficient of friction

Mn genoted by the letter 4. '
. bothe friction and R the normal reaction between two

Iﬁ:’ o gilibrium is limiting.

wdjd

Then % = th i-e-}F = W

 constant 4 depends on the nature of the materials in

Th different for different pairs of substances and is

o It18 ;
;onrf‘ grily less than unity.

Since friction is maximum when it is limiting, uR is the
. um value of friction. When equilibrium is nonlimiting,

1,islessthamuRand g <H
Note: /3, In limiting equilibrium, F and R may both
with the masses. of the bodies even for the same pair of
sabstances but the ratio }FT‘ is constant being equal to .
/2 We must not assume that friction is always equal to d
4R 1t has this value only when motion is about to take place.
Otherwise, it may have any value from zero upto uR.

A /f\l Angle of Friction:
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lop

other. Atthe poi

ely the no.rm
l’:t“iln perpendicular &
: single force- This singl
or the total reaction. e
et m. = F, the force Of fl'lctlon and -O—E.

1
I:l ﬁ::a ci;on Let OC be the resultant of F and R,
norm .

I“pnﬁt

= Rthe

It .BOC =6,
Ok _F
mw-_:g%:UB—Rla-v-o(l)

As Fincreases from 0, the value of § increases untj] ¢, fi
tion F reaches its maximum value. In that case, the equilibn'un;
is limiting and the angle made by the resultant reaction wjg, the
normal is called the angle of friction and it is denoted by ).

Hence the greatest value of 6 is A. J

2t ( When one body is in limiting equilibrium over another, 1),
angle which the resultant reaction makes with the normal ot the
point of contact is called the angle of friction and it is denoted

A . i ;
) pesakien between (o epf (C4Cn (% fyiciier
1 o y

o O 2% In dgf 2,D-A- represents the limiting friction which = uR,

‘

$

4 being the coefficient of friction.
5 :" 4

7/ OCis the resultant of OA and OB,
{BOC = ) = the angle of friction. i
@

tn )= B = G = 4 = u.

Le. The coefficient of friction is equal to the tan
' gent of the
angle of fiction, oy —g—
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Which entirely
lies within the surface or on the surface of
that cone. It cannot fall outside the coneé,
Fig-s.- called the cone of frictionJ 2™
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“Numerical Values:. The values of the coefficients
/ of friction for various substances have been found by
g0 and tabulated. The following table, taken from Prof
exl"imel,l: Machinery and Millwork, gives the values of 4 and )

ine
ﬁ)r 3 few substances.
/ A
Substances . #
: e A
WS e Y Qj\g(f d‘} v‘. J‘D{ ¥
Wood on wood ..Dryj dgtﬂ’" 25t0 .5 14 to 2670
o ..Soaped | .04to0.2 2°t011%°
[ o111
Metals on metals  ..Dry 90«:;'54 15t0.2 | sl :
e Wet &7 7 .8 1650
Leathe ; 291
etals ..Dry .56 1
ek dr ..Wet .36 20:
il ..Oily el 81

they may be
The al e purely empirical and so

ected mﬁl::;t:lr ?gr'dﬁ.”'lﬁlll?ould be noted that all the
"t o 4 are less than 1,

The only substances mted_l;y Rankine to have a coeff
iction ag great as unity are:

cient
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quilibrivm of 8 particle on a rougy inelipg,
0.

\
/:7 & plnne:

\/

ight W be placed at A on arough
plane, whose inclinationto the b Otizgy,

ta1139 The forces acting on it areyy. |

" weight W acting vertically dOan e «f

'~ (ii) the frictional force F acting g), :

the inclined plane upwards, (it theg

e"”o Let a particle of wel Aclingg
4

~ had been no friction, the body Y Woulg 1
Fig. 4. - have a tendency to move downway, i
Hence friction will act upwards). (iii) the normal reaction p, |

perpendicular to the plane.

Resolving along and perpendicular to the plane, + ¢ get

F =Wsiné......(1) VD :
and R =Wcosé...... (2) '
iy i
4 og=tanf.... 6)] 1
We lmow that £ | s always < u 13
Hence for equilibrium, tan ¢ < e 3

ie. tan 0 < tan), ) bemg the angle of fnctlon or 6 < \
Suppose 4, the ingling

e g “‘9 ! i i
When ¢ = ), thep E ks Plane, is gradully increase

is just ot:h the po::: :? Uili“dbi :I“mol:cﬂmes limiting and the particle

If a body be
int of SIId{ng d"m rough inclmed plane and be on the
lane under the action of its weight
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d the reaction of the plane only, the angle of inclinay;

;ZI e 1o the ’3”:3? B equal to the angle of friction, LT
2 <

The inclination (A = tan lu) of the inclined plane when the

pody Just begins to slip is called the angle of repose.) Hence the

aboveﬁe?rem is stated as: s

The angle of repose of a rough inclined plane is equal to the
angle of friction. Boak

nnporfan.t Note: It spould be noted that the angle of repose
of a rough inclined plane is equal to the angle of friction, only
when yﬂlem are no external force acting on the body.
\. - Pt
o%

ﬂ" § 11. Equilibrium of a body ona rough inclined plane
¥ inder a force parallel to the plane. ezl

Theorem: A body is at rest on a rough plane inclined to
the horizon at an angle greater than the angle of friction and is
acted upon by a force, parallel to the plane and along the line of
greatest slope; to find the limits between which the force must lie.

Fig. 6

: Let a be the inclination of the plane to the horizon, W the
Weight of the body and R the normal reaction,

Case 1. Refer to fig. 5. Let the body be on the point of

Woving down the plane, Then limiting friction acts up the planc
ad = 4R, Let P be the fcrce required to keep the body at rest.
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lving along and perpendi
P+ “R :Wsina......(l)

cular to the Plane, v, ks
Ve

Substituting for R from (2) in (1), we get

P= Wsina—,chosa.
If ) is the angle of friction, we know that 4 = tan).

& P =W(sina — tanicosa)
=W(sinacosA — sin)cosa) By Wsin(a — 2)

cosA cosA
Let this value of P be P; .
Wsin(a-2
Then P, = —c—o‘srl ...... 6)

Since o > ), P, is positive.

Case 2. As in fig. 6, let the body be on the point of moving
up the plane. Then limiting friction R acts downwards, Let p
be the force required to keep the body at rest.

Resolving as before, we get
P - uR =Wsina.........(4)

Hence P =/ Weosa + Wsina

=W(tancosa + sina)
= W(sin)cosa + cosAsina)

% P, is the
. e limiting value of P, whic 8 necessary to kee?
» Without mm'%fvards.

\
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gpis < p,, the bodﬁ move down the plane.
. is the limiting\?{w of P, which is necessary to keep
M in equilibrium thout moving downwards.

b
the o, EP lies between P and P,, the body will remain in
I;{)ﬁum and is not in the point of motion in either directien.

ll : '
Hence, for equillbmwl,' the foArce P must lie between the
Y Jee | sin(a +
e

Note: The value of Py/may be obtained from that of P;, by
panging the SE" of . /m .

9, Equilibrium of a body on a rough inclined plane
/) under any.fom% 4’ 3

Theorem: A body is at rest on a rough inclined plane of
. sination o to the horizon, being acted on by a [o_r& making an
e 0 with the plane; to find the limits between which the force
and also to find the magnitude and direction of the leas?

must lie e
drag the body up the inclined plane.

force required to

Fig. 8

Let W be the wei :
ght of the body, P the force acting at an
“gle § with the plane and R the normal reaction.

the mn ﬁ‘ 7, the body in just on the point of moving down
~——r Vhen limiting friction 4R acts upwards. Resolving the

il
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forces along and perpendiculal‘ 0 the\lp.lane’ We get,
Pcosé +ﬂR =Wsina ...... (1)-;-;,"0' / = F S}L‘O', i P_‘j,
andPsind + R =Wecosa...... (2%{’3=> 2%\ (o ;xtv 4.

Substituting the value of R fror(2) in (1) iy

Pcosd + p(Weosa — Psing) = Wsin,, get &

i.e. P(cosf — psind) = W(sina — ucosq )

W(sina — ucosa)

0 = bl b
If ) is the angle of friction, we know that g,
W(sina — tan\cosa)
gl cosd — tan)sing
:W(sinacosA — sin)cosa) _ Wsin(q _ 3

_ cosfeosA —sin)sing m
Let this value of be P, )

Wsin(a — ) '
oo Pl = m) ...... (3)

Case 2, In fig. 8, the body‘is Just on the point of Moy

~the plane. Then limiting friction Mwﬂ% Rvmg Up
e forces as before, M
\

4

Substituting the value of R from (5)in
\ Peos§ — #(Weosa — Psing)
Le. P(cosd + ,usina) = W(
2 P:\% Wisina + poosa)

(4)> Wwe get
= Wsing,

sine + KCOSay)

€088 + using
- W(sina + tan)cosa)
€089 + tan\sing
~ W(sinacos) 4 Siucosa)  Wsin(a + ))
CO80c08) + sinjging = cos(f — A)
Let this valug of p be P,,

Wsin
Py = a4 )
i W%?;;l ------ (6)
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P, and P; are the limiting valyes of the f P, necessa
1o keep the body in equilibrium, eh iy
Hence if P lies between P, ang 5%
ilibrium.
equitibrinc |
Note: ) Th? vajie of P, may be obtained from that of P,
by changing the sign/of 4.

(2) By putting
of discussion of § J1.

the body will remain in

= 0, the discussion of § 12 gives the results

Comllary:' We can find the direction, and rhagnitude of the
least force required to drag the body up the inclined plane.

Wsin(a + A)

‘ cos(é — %)

Since a, W and ) are constants,

P is least if cos (6 — )\) is greatest.

ie ifcos (§ — 1) =1. ‘

This happens when 8 — )\ = ¢. ie. when 6 = )
In that case, value of P = W sin (a + })

From case I, P =

Hence the force required to move the body up the plane will
be least when it is applied in a direction making with the inclined
plane an angle equal to the angle of friction.

This result is sometimes stated as

“The best angle of traction up a rough inclined Dlane is the
angle of friction’.

 WORKED EXAMPLES
1/
tf?’\

: L. A particle of weight 30 kgs. resting on a rough
. plane is just on the point of motion when acted on by
’"’"”"‘?I forces of 6kg wt, and 8kg. wt. at right angles to each
other. Find the coefficient of friction between the particle and the

Plane and the direction in which the friction acts.
(B.Sc. 85 M. K.U)
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LBtAB (=8) and AC (=6) Tepr
the directions of the forces, A be ®Sen

patticle. 08 the
The resultant force -

= 10kg. wt. and this actg a]\(fg%?

making an angle cos™ (1) gy AD

h )
force. © 8kg

Fig. 9' .
_ i irection AD of th
tends to move in the direct Aol ther
fomT::dp;gﬁfricﬁon acts in the opposite direction Dy

Let F be the frictional force. ~As motion just beo:

esultan t

magnitude of F is equal to that of the resultant force, glng,

AF=1020 .. @ P2 LD
If R is the normal reaction on the particle,
R=36.. .. (Q2) 2. :?%o wa f &3
If 4 is the coefficient of friction as the equilibrium s J;
F=uR
ie 10 = u. 30

: - N
oru=%=,§.:c;, A= ‘,o/‘g,o' /3

Init.m g,

to =30

Ex. 2, A weight can be supported ona rough inclineq
plane by a force P acting along the plane or by a force

Q acting
horizontally. Show that the weight is

Where )

V@ser 7

18 the angle of friction.

Let W be the weight and o the angle of inclination of the
b plane. R is the normal reaction.

. When the weight is just on the
point of moving down, limiting friction
MR acts upwards, A horizontal force

keeps the weight in equilibrium.

. Resolving along and perpendicu-
* - lar to the plane,
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R+Qooua=wsma ...... (1) .

“dR_wcosa+Qsina

«ing the value of? from (2) in (1), we have
pu 3 NS m@,_,_p;gm@fl REING#R G0,

u(Weosa+Qsin af+Q cos a -%E‘n”a 'Go-a() _wgmm\ Q
+R&ingo

0O > = QSind -\W(ee
i"Q(#sina+COSOt)=W(sma pcosa) .. .. 3) a(-(- R
The saIme weight W is supported by a force P acting along

the plan®:
From § 11, page 213, we have

-
“X _Wj_l_l_(;__ ) ﬂx(smacos,\ — cosasin}) ... ... @)

From.(8), cosa(Q + pW) = sina(W — 4Q)
_  Sine

cosa _ —
hwW-pQ ” Q+uW
\/ cos’a + sin’a

o @ W 6 adia
=\/Tzu TP ke o
i 1
\/1+Au2\,/W2+Q2
1
J1+tan"y/ W+ @
, 1
sec) \/W2+Q2

howa s —W - and sin a = Q'H;wz-
sechy/ W’ +Q’ secA\/W +Q

Substituting these in (4), we have
P- W [(Q+pW)cosh — (W - 4Q)sinA ]

G oge 1 9% OQCX\/W2+Q

-
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220 rQ(MA + psin)) + W(ucos) — !inA)]
T
(Q(cosA + %%%sim) (3
= JwiQt .
W( &% cos) _ iy
g(cos’usin’n - WQseca ]
7 w+Q o | wQ
"sec’)
e

P + Q) = Wa'sec)
2
or W(Qsec?r - P) = P'Q’ .
2.2
.'.W2 = PQ orW PQ

arsecz)«—Pz L

il \/QQSeczA P

Ex. 3. Show that the horizontal force, which can Support
a heavy mass on a smooth inclined plane of inclination o 3, 4,
horizon can just sustain it in limiting equilibrium on q rough
plane inclined to the horizon at an angle of (a + X) where ) s
the angle of friction.

Referring to equation (3) of the previous worked example,
we have

Q=wi§in""“c°s") 1 -

usina + soca 7y
=W(!“";%3°3") _ Wsin(a — A
foa sina + coser _—CUB%SL-TT) . (2)

w inTl,lﬂ.miﬂ" the horizontal force Q which just keeps the weigh!
fum on a rough plane of inclination a.

w Ql be tbz hOﬂzon | T
ilibri tal force which keeps W in limitiné
equilibrium on g rough plane of inclination « + ).

Q ﬂnb&lOtzfrom Q by chﬂhgiﬁgg T
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Wsin(a+ A=) _
i = A o mhe

pe the horizontal force which kee Wl oot litet
ono:h plane of inclination . Q, can Dot ot tek

X got from
o *fve in (1) by putting s = 0. the value
. Q= Wsina - Wiana......(4)
4), we find that Q, =
From (8) and (4), we find that Q, = Q,. P g

b4

Ex. 4 Aparticleis placed on a rough plané";wse inclination

Jhe horiZOn is a a’fd zs.acted upon by force P acting parallel to

w0 and in a direction making an angle B with the line of

the P! slope in the plane. If the coefficient of friciton be y and

#M!'z'b rium be ilimiting, find the direction in which the body

begin 10 MOVE-

will (B.Sc. 52)

Let BCDE be the rough plane meeting the horizonta) plane

£ in the line BC, the angle between
the two planes being a.

Aisthe particleand AL is the
line of greatest slope through A.
The forces acting on the particle
are:

(i) its weight W acting verti-
Fig 11. cally downwards
(ii) the normal reaction R perpendicular to the inclined plane.
(iii) the force P acting in the plane in a direction making an
angle § with LA,
(iV) the (limiting) frictional force 4 R acting in the plane.

The weight W can be resolved into two components ngmely
Wsin « acting in the plane along AL and W cos a perpendicular
to the inclined plane.

Resolving the forces perpendicular to the inclined plane,
Re w o8 &
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: in the di

article will tend to move rection gj
The P4" he two forces P along AK and W sin g o0 b
resultal along AN atan angle é to AL. Then friction Ong

vt ce direction L€ it will act along AM and itg mwlll act
« uR, a8 the equilibn'um is limiting. agnitudz

P, uR and W sin a act at A in the incﬁned

pl

The forces
p.rticle at rest.

and keep the P

& By Lami’s theorem.

' R _ Wsinga “
—— ﬁ‘ﬁ sin(@ + )

Wsinasing _ W sinasing

»sin(@+F) = — uR F[IWCOSa
ie sin(0+f)= “’E"‘;finﬂ @)

Hence the parﬁde will begin to move in a directi
- L4 ; a eCtl 1
an angle 6, given by equation (2), with the line of grez;)tlelst :lls;g
‘ 2.




