CHAPTER - II

Forces Acting at a Point

§1 Resultant and Components: Definition.
Va'

"I two or more forces Fy,F2, Fs,
/body and if a single force R can be found whose effect on the

body is the same as that of all the forces F, Fy, Fs,....... etc. put

together, then the single force R is called the resultant of the |
etc. and the forces Fy, F;,F3 etc. are |

etc. act on a rigig

---------

forces Fy, F3, Fs, ......... _
called the components of theforce R.
2'. Simple cases of finding the resultant:

If two forces P-and Q act in the same direction simultaneously
on a particle, the resultant is clearly equal to a force P + Q acting
in the same direction on it. If however P and Q act in oppogite
directions, their resultant is clearly equal to P ~ Q and actdyi
direction of the greater force. ol - 1

When two forces acting at a point are in differeht directiong
(i.e.) are inclined to each other, their resultant can be found with 3
the help of a fundamental theorem in statics known as the Law |

v, the Parallelogram of Forces.

ﬁl’nullelognm of Forces: Theorem
If two forces acting at a point be represented in magnitude and
direction, by the sides of a parallelogram drawn from the point,
their resultant is represented both in magnitude and direction by
the diagonal of the parallelogram drawn through that point. |
Formal proofs of this law have been given by Bernc;ulli.
1> Alembert and Duchayla. The law can be verified experimen-

ally It is assumed here and taken as the fundamental principle
o statics
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Thus if the two forces P and Q
acting at A are represented in magni-

tude and direction by the straight lines » 5
AB and AD and if the parallelogram

DAB be completed, then the diagonal . )

AC will represent in magnitude and

direction the resultant of Pand Q. In 4 e

 the language of vectors, the  above
law can be put as AB 4 AD = AC.

 / ./ : Fig. 1

4. Analytical expression for the resultant of two forces
acting at a point:
R RN

———-—---—4 -Let the two forces P and Q acting at

A be represented by AB and AD and

let the angle between them be a. !

] ie{/BAD=a, g
Fig. - 2 ~ Complete the: parallelogram BAD &/

Then the diagonal AC will represent the _Eefllltfgt(ﬂ)

Let R be the magnitude of the resultant and let it make an

angle o with P i.e 7

wl’a
|
|

Py

Draw CE LtoABBC=AD=Q. Thasingr "7
From the right angled A CBE, B, AR
E. CE o Y AL e '
sin ZCBE = E—Cle sin a = q | ~
s CE=Qsina.. .. .. (i) it G S
BE BE :

Gosa-ﬁ-c-= Q

s BE=Qcosa... .. .. ()
Now R’ = AC® = AE’ + CE’ = (AB + BE)? + CE’
= (P + Qcosa)? + (Qsina)?
=P 4 2PQcosa + Q’
4R = {/ (P + 2PQeosa + Q")...... (1
Alno tan p = §E = p@80 )

+
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(1) gives the magnitude and (2) the direction of the resultay,

in terms of P, @ and a3 »
1, Jf the forces P and Q are at right angles ¢,

Corollary A by
each other, then Oi’__sl(],_cjg_t'»g__‘: cos 90° e
et S

sin a=sn9°’ =1

The above results become. s1mgler and we: l}ave

Teh
AeR= \/P +Q andtan p = % ‘ v
e 3“' " These results may be easily inferred, since the parallelogz am

becomes a rectangle. 0 gyt
/ Corollary 2: @Lhe forces are eqtg(/e) Q'= P, then
R= \/P +2P _cIOSa'+P1_= \/ZP 1“+cosa) '

2 A A
= \/ P .2cos’-‘2- ="9Pcos— i:

b
e ,p Psing - sina 251n?cos1z
P+Pcosa 1+ cosa 2c0s’ G Y Lot
i - IS PR =mt La.11.-.2— b
i R o R e
;_u“" X - : e p_E‘

Thus the resultant of two equal forces P, P at an angle o Is
2 P cos § in a direction blsectmg the angle between themj

i
g i AR

This fact (that = -g) is obvious other\mse, as the paral- -.
lelogram becomes a rhombus, '

: ’ \4“ !T‘ ‘ n ' ’l
~ Corollary 3: iet the magnitudes P and Q of two forces

acting at an angle o be given.

Then their resultant R is greatest when cosa is greatest ) h

¥ *‘u when cos a = 1 or g = 0, 4 |

In this case, the forces act along the same [ne
direction nndE P + Q. _/

gl
l"

i

in the same
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The least value of R occurs when cos « is least. (2 i P

ie. whencosa = —1ora = 180°. < 2
In this case, the forces act aiong the same line but in opposite -
directions and |R

WORKED EXAMPLES

Ex. 1. The resultant of two forces P, Q acting at a certain

- angle is X and that of P, R acting at the same angle is also X.

- The resultant of Q, R again acting at the same angle is Y. Prove
that.

t‘ Pl (X2.+ QR)% e QR(Q+R)
Q A
Prove also that, if P+ Q+ R =0, Y X

{Let P and Q act at an angle a. :
gp\“ From the glven data, we have the followmg results

X p? +Q +2PQcos ... R T
P + R’ +2PRcosa... 109 (2) i
and Y = Q + R’ + 2QReosa... ... ..(3)

(1) — (2) gives 0 = Q' — R’ + 2Pcosa(Q = R)
ie. 0 = (Q-R) (Q+R+2Pcos a)

But Q# Randso Q- Ris #0
$ Q+ R+ 2Pcosa = 0

or o8 = LA,

Substituting (4) in (1), we have
X' =P +Q +2PQ. - (Qgp—@) < P+Q -Q -QR

or P’ =X’ +QRie P= (X +QR)}
Substituting (4) in (3), we have : ‘
Y =Q +R +2QR.-(Q2‘; )

c Q@ 4R - QR(Q +R)

@{%i_alqav
P E Y




J

10 5
IfP+Q+R=O, then Q+§€E—i vl %
;‘f::: :::: o: ? () and 3, We have
IX’=P2+R2+PR ......... (5)
.ndY’:Q’+R’+QR .(6)
‘;3‘:‘32 ivgf-Q2+PR— QR
_(P-Q(P+Q+ R)
-(P-Q).0 3
=0 @ V i

F) X =Y.

Ex. 2. If the resultan
to one another at any gl
direction of P, show that t
acting at the same angle wil
of P+ R
First method:

Let Kﬁ = P and A_ﬁ = Q

From || gm ABCD, =) p+& =

AB+AD=AC=R.

To mark the force P + R,
produce AB to E so
that BE = AC,

In the || gm DAEF,

AF gives the new resultant

t R of two forces P and Q inclir(z:zf‘é

ven angle makes. an angle ¢ With the -
he resultant of forces (P + R) and Q

I make an angle % with the direction
(B.Sc 84 M.K.U.)

R

a
-
(RO S R

Fig. 3

Ina =
CAF, CA = CF (each respresenting R in magnitude)

» (CAF = /CFA

ie. MMLCAB

resultant of P+ R and Q can be found

in two stages, First,
the resultant of P along AB and Q along AD

"“""’"-louw
. Beco

ndly, we have to find the resultant of

&b extra force R along AB. As these

are equal, the
Mwmtbmth‘.nﬂeaw.



/& Triangle of Forces; A simple deduction from the paral-
« lelogrm of forces is the following theorem, known as the Triangle
or forces. oy

(I/ three forces acting at a point can be represented in magni-

"‘d‘ and direction by the sides of a triangle taken in order, they
will be in equilibrium, , .

R PRI s
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Thep e - g

Fig4 5 ‘
: Let the forces, P,Q Ractata point O and be represented in
magnitude and direction by the sides AB,BC,CA, of the triangle
ABC. We have to prove that they will be in equilibrium.

Complete the parallelogram BADC. As AD is equal and

parallel to BC, AD also represents Q in magnitude and dJrectlon
P+Q=AB+AD

= AC(by || gm law.)
This shows that the resultant of the forces P and Q at O is
represented in magnitude and direction by AC.

The third force R acts at @and it is represented in magnitude
and direction by CA. o3 Nandll
Hence P+Q+R=AC at @ + CA at 0
= 0 (as the two vectors at O are equal and
opposite)

# The forces are in equilibrium.] %"

Important note: Inthe above theorem, the forces P,Q,R are
represented by the sides of the triangle ABC only in magnitude
and direction but not in position. The forces act at a point and
do not act along the sides of the triangle.

Corollary: From the proof of the above theorem, it is clear
that the resultant of the forces represented in magnitude and
direction by the two sides AB and BC of the triangle ABC, is
represented in magnitude and direction by AC.
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.‘I ows:
o . 10 i Sta as foll 2 ;
eoy](his pnnclple ;:ing al o point are repmser?ted in magnityde
Llf nvo.forges :W sides of @ triangle taken in th; ;c_zme order,
dlmlctt;:? w{ll be mpresented in magnitude and direction by

resu :

. nird side taken in the reverse order

P 2 1 of the above means that

jon of V g
In the notatio a6+ BC=AC
r Triangle of Forces:
uch that their magnitudes

tapoint ares .
are proportional to the sides of a triangle and t)fwzr directions
are icular to the corresponding sides, all lnngrds or al’
outwards, then also the forces will be in equilibrium.

Let the forces P,Q R meetat O. "

ABC is a triangle such that magnitudes of P,Q,R are pro-
portional to the sides BC, CA and AB respectively of AABC and

their directions are perpendicular to the corresponding sides all
outwards.

Js 6 perpendicula

Fig. 5
We ha
If we r::é: ::;m that they will be in equilibrium
get a new triangle Ae;:,g,c through 90° in its own plar; ;
Wwhose sides are parall) to :,hwe.wm
e given

forces and
represent the
Hence by the triangle sz::: b;th Qi"R‘"ﬂKnitude and direction
Note: The above ' T, Rare in e
B ¢ resul equilibri
‘he forces, instegd of twm'1"’l”’tl'tle.if i m‘?"‘
being the directions of

ide, ke oqualangie TP OLAY o

is exactly gimilar,

e

the corre i
it spondin
€ sense with thep, The prooi
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E 6 Converse of the Triangle of Forces | o

If three forces acting at a point are in _g_z_qllb_rwm, then any
triangle drawn so as to have its sides parallel to the directions of
the forces shall represent them in magnitude also.

M\ B o5\ wh

s oy G
r/ Al
WL e D
/ i *
i \ .
" ,l \
." \
A
e

Fig. 6.

Let the three forces P,QR acting at O along the directions
OL, OM and ON keep it in equilibrium, XYZ is a triangle such
that the sides YZ,ZX and XY are parallel to the directions of
P,QR respectively. We have to prove that the sides of AXYZ
are proportional to the magnitudes of P,Q and R given that
P+Q+R=0 (statically).
" Along OL, cut off OA to represent the magnitude of P on
some scale. i.e. let OA=P.

On the same scale, make OB=Q.

To get the resultant of P and Q, complete the || gm AOB.

The P+Q=0A+0B = OD.

But P+Q+R = 0 (given) R~ - on DO

ie. OD+R=0orR = 152
This shows that the third force R is represented in magnitude
on the same scale by DO and that DON is a straight line.

Hence the three forces P,Q and R are parallel and propor-
tional to the sides of the triangle OAD.,

Now any triangle like XYZ whose sides are parallel to the
directions of P,Q and R will be similar to AOAD and henee




v rI‘ICS i
= SLA O[\ *p")d:—/ 8 = G
. i s
7% . XX 27 pw =
UY% = AD I{?//‘{? L% )%
P -— & = DU’ Y _Q_

1] be proportional to P,Q,R.
i.e. The Sides Of‘ ??EYZ le a2 ¥ LT, OF LD,
\ AT A e

\ Polygon of Forces: ;
¢ §8. The Polygo ing at a point can be represep,,

! / fforces actl
"If any number 0 ; ‘
n ma';nitude and direction by the sides of(c_z polygon taker, 3 |

order, the forces will be in equilibrium.

A :
) (G - : 3

7 : i ek / ‘\\.
LA R

3\ :
o Sl e e By
- T
o\ % T \é// 4
P S Pe
a Pigi T - »

Let the forces P, Ps,... ... P, acting at O be represented
in magnitude and direction by the sides B; By, B2,B‘3,‘a" _____ B.B, of

the polygon B,B;B;......B,. _ i ‘
We have to prove that the forces will be' equilibrium.
Compounding the forces by vector law, stép- by step, we have
P, +P, =B—1_B;+E;—B—3=-B_1B-; :
Py+P, + Py = BBy + B;B; =B;B,
e Fot Poct BB B R, < B,
t in each of the equations above, the

resultant on the right g
i B g::ht side, of the forces ‘named on the left side,

The last force P, is represented by B.B;

o AP BB
A Piipyy vt Py 4P, =B B at 0 + B,B,at0

& =6.

st
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)

Note 1. The above theorem is true even when the forces
acting at O are not in the same plane.
Note 2. The converse of the Polygon of Forces is not true.
i The S of the triangle of forces is true because whenever
.= the dll.’e.dl?ns of three forces acting at a point and keeping it
_M in equilibrium are known, all triangles drawn with their sides
Q parallel to these directions, will be similar and hence represent
the forces in mignitude also. But in the case of more than three
forces acting at a point and keeping it in equilibrilim, we cannot
say that the sides of any polygon drawn with its sides parallel tothe
directions of the forces shall represent them in magnitude also. If
we draw two such polygons, they will be merely equiangular and
not necessarily similar. All that we can say is that a polygon can
be-drawn with the sides parallel and proportional to the forces.
. /%9 Lami’s Theorem: Father Lami gave the converse of the
triangle of forces in the following trigonometrical form:
If three forces acting at a point are in equilibrium, each force
is proportional to the sine of the angle between the other two.)
Refer to the result and figure of § 7, page 15.

We have proved that the sides of the triangle OAD represent
the forces P,Q,R in magnitude and direction. /\@’
3

li-e) -

Applylng the sme rule to AOAD we have , 5
(1) S

smLUDK Eih_LD'GK m """"" /_/g
But ZODA =alt. ZBOD = 180° — .MON ; 3!

7, sin/ODA = sin(180° — ZMON) = sin/MON ... @ ¥/ v/ i
Also /DOA = 180° — /NOL ~ *’ ¥ ¥
2 sin/DOA = sin(180° — /ZNOL) = sin/NOL... (3) %

and LOAD = 180° — /BOA = i80° - .LOM
2 sin ZOAD = gin(180° — .LOM) = sin/LOM w(4)

Subst.ituting (2), (3) (4) in (1), we have
sinLMUN smLNUE T'DﬁTM



rticle. If the sum and differenc,

oroes act on ap
IS \/EEx. 3. Twof each other, show that the forces

\

t right angles 0
T of the forces are at g (BA41)

are of equal magnitude.
and Q acting at at A be represented in

magnitude and direction by thelines AB
and AD. Complete the parallelogram
BAD.

Then P+Q=AB + AD = AC (llgm law)
& AC is the sum of the two forces.

Let the forces P

G V@A s 0]

= DB(by triangle law)
¢ DB is the difference of the two forces

SR

It is given that AC and DB are at right angles.

ie. In parallelogram ABCD, the diagonals AC and BD cut

at right angles,
: /s ABCD must be a rhombus,
r /#AB = ADje P = Q in magnitude. J

>, : duix. 4. Aand B are two fixed points on a horizongal line q

Saig :,c; ¢ apart, Tuo fine light n‘rmgs AC and BC of lengths
pectively support o mass at C. Show that the L

of the strings are in the ratio i

ba® +£2 - 02) . 32 4 g2 _ a?)
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Let T, and T; be the tensions along the strings CA and CB
and W, the weight of the mass at C,
1\ acting vertically downwards along CE.
W Produce EC to meet AB at D.
Since C is at rest under the action

of the three forces, we have by Lami’s
theorem,

. Lae il
SIDL — m ......... (1)

Now sin /ECB = sin(180° — /DCB)
=sin ZDCB >
=sin(90° — ZABC) = cos/ABC ~ ¢~ " *
sin ZECA = sin(180° — Z/ACD)
_=sin LACD
‘= sin(90° — /BAC) = costBAC = ¢°7>"

Hence (1) becomes

T N Ry
cosZABC ™~ cos.BAC
P A o S
In A ABC, we know that

cos B = —iz-m——-"'z a® = b ynd cosA = ¥+ = o’
Hence (2) becomes i o
2 2 _ b2 2be _ bc a‘ —
R=(2452) « (lia) = ot e=s
/ Ex.5 ABC is a given triangle. Forces P,Q,R acting along the
lines OA, OB, OC are in equilibrium. Prove that
(i) P:-Q:R = a*(b® + c* — a?) : b*(c* + a® - b?):
¢*(a® + b? — ¢?) if O is the cicumcentre of the triangle.
(B.Sc. 52 Madras; B.Sc. 87 Madurai)
(ii) P:Q:R-eoae : oos? ? oolg if O is the incentre of the
triangle.
(B.Sc. 63 M.U: B.Sc. 88 M.KU.)
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. he triangle.
o2 oo the ortho centre of
(i) P-@R=abe if 0 is the (B.Sc 87T MKy,

QR=0A:0B.0C if O s the centroid of G
(i) P:

A
V'R
5 c
Fig.10
By Lami’s theorem, we have
sinZBOC ~ sihZ

(o R )
= §EZAOB (1) | i
(i) When O is the citcumcentre of the A ABC,

{BOC = ZLBAC 2A; LCOA = 2Band£AOB 2C

2¢ 2
Ao L heT B
“m=*a§ﬁ;zm 08 ‘-'-'-‘“‘c—czmncos‘ B o
¢ : : L TG 2
BnteosA-r—%‘““andsinA::%% £
Where A is the'area,
IozdnAmaA-z%e.&g_c;"z) :
7 ;
“—H,;hl .
Similarly 2 sin B cog B u 24(c? 4 o7 - - b))

- ca

20+ - o)
80 (2) becomes -
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‘ P.b%c? Q.c2q? R.a?b?
AP+ —a?)  2A( +a 327 m
, Mu]nplymg throughout by —,3,7 , We get

P Q R
a(b 1-¢ _a2) b2(c +02—52j 2(0 +b?_c)

(ii) When O is the in-centre of the trian riangle, [ [
OB and OC are th%blsectors of /B and LC v
BOC =180° - — — = — 0
Sl 5 2—180—-(24..5‘.) 1
s A
= 1800 —_— 90° S T i o £X
i ( 2) 9+ 2
Similarly £COA = 90° + B and /a0B=00° + §
So (1) becomes ' ‘
sin(90° + '2‘): sin(90° + %) sin(9,0‘? + g)
R

L K cos-z-B ¥ cos,z-C e
(iii) Let O be the ortho-centre of the triangle.

B T PR

. Infig. 11, AD, BE, CF are the alﬁtudes
"Quadnlateral AFOE is cyclic. (% ZAFO + LAEO

\,.. e
; =90°+90° = 180“)

% /FOE + A = 180°0r/FOE = 180° — A

/BOC =vertically opposite ZFOE = 180°
Similarly ZCOA = 180° —
Hence (1) becomes

P Q

sin(180° — A) ~ sm(180° -B) ~ sin(18'0°" C)
P "

Le. sinA ~ sinB smC

ie. 2-9-8 (sincaiiﬁx = oba= ai%c)
(iv) When O is the centroid of the triangle,
we know that ABOC = ACOA = AAOB

R

B and ZAOB = 180° - C.

21

Wy

ot A -

o ¢
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and each = 3AABC
ABOC = 10B.0C sin /BOC = 3AABC
-2

BC
& sinz BOC = %m

2AABC and sin ZAOB = ‘m??AABi. C

Similarly sin £COA = 3GC.0A

P.30B.0C _ Q-30C.0A _R.304
Hence (1) becomes “352BC" = “2AABC = ~5 5418

ie. POB.OC= QOEOA=ROAOB

oaaso T Acegt o Dace

Dividing by OA.0B.OC tlll;q}}ghoui,
sl R
OA~ 0B~ 0OC

% e ——
SR
-

Ex. 6. Weights W,w,W are attached to ﬁbints B, C,D, respec.

tively of a light string AE where B,.,C,D divide the SIring into 4
equal lengths. If the styplg hangs in the form of 4 consecutipe
sides of a regular octdgon with the ends A and E attacheq 4,
points on the same level, show that '

W=(v24+1)w. (B.A.36; Andhrq Uty.)
................. 3 ABCDE is a part of a regular oc-
1’:‘ tagon:
f ¢ :
- We know that each interior angle
of a regular Polygon of n sides

w

n

Fig12.  Putting, - 8 each interior angle of ABCDE

s (u'g;{) X 90° = %z X 90° = 1350

Let the tengiong
'Wde Th‘ Itﬂ;:th‘ porﬂom AB’BCiCD’DE be Tl ’ Tg, Ts, Ty

being u:c pulls B towardg ¢ and pulls C towards

used to denote (e loreo::;, throughout its length, This fact is

ng at Bv C and D,
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% LABD = /ABC —¢CBD = 135°_ 22{ = "112%"‘
We know that every regular polygon is cyclic.

%A, B, C, D, E lie on the same circle.

#/EAB = 180° — .{BDE

= 180° - {¢CDE - /BDC}

%Dﬁg‘:

10
= 180° — {135° — 225 }

a5° 4 99l g7l o
= - = 67= i
2 2 2

7 £ EAB + £ ABD = 671° + 1121° = 180°,
% AE || BD. ' :
de BD also jg i

_ Let the vertical line through B meet AE at L and the vertical

line through C meet BD at M. ‘
Applying Lami’s theorem for the three forces at B, we get
T:\Q‘T;Wh A et Y e ' R -
sméKBWC Sin(1so° - /ABT,)
. ol ] L
L€ Sinisss = sin/ " sinz2y
(*inrt. ZdAABL, /ABL = 9¢° _ 671°)

©T = W singo1® (g

Simzl:ﬁ;s 2Pplying Lami’s theorem for the three forces at Cy
we have oo BTD = sin( 180°T—2 ZMCD)

“e Smi135 = §in_4TﬁfCD & sin(90‘:ri 22L") ¥ cos?z?

#Ts = orer cos22L... ... (2)

Equating the two values of T, from (1) and (2),we have

W s’ . cos221’

m . 811)222 = W 2
ie. @ =tan22l’ = 21,

__w(v2+1) w(vZ+))
VZ-1 (VZ-1)(VZ+1) X

=w(v2+ 1)

Ex. 7. A weight is supported on a smooth plane of incli-
nation a by a string inclined to the horizon at an angle v. If
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acreased 10 B and the slope of the

be i ;
the slope of the p lane ; he string 18 d ubled. Proye tha
string unaltered, ﬂ; tcj""on(;.fi.gtc.. 72, 78, Madurai Uty.) ]

cota — 2¢¢ﬁ = tan :
. :0n of the weight. The forces acting at“P are

P is the position ) its weight W downwards (i) tpe
normal reaction R perpendicular ¢,
the inclined plane-and (iii) the tensjop,
T along the string at an angle 4 ¢,
the horizontal. . By Lami’s theoren,

for the three forces at P,
W

T =
sin(180° —a) ~ sIn[90° — (¥ f?_)T
L PP
Fig. 13 1. Shha — cos(y —e@) .
HT= W:igaa ......... (1) |

In the second case, the inclination of the plane is 3.
| There is no change in 7. ¥
If T, is the tension in the string, we will have -

P EW% ......... @)

But T, = 2 T (given)
2Wsina

Wsin
S T
&m“(‘l-a)'—'Zsinacos(n,_B)'
Le. sinf(cos ycos o + sin ysin a)
: = 26In a(c08 cos 8 + sin vsing).
80/5cosycosa = 28in acos ycos 4 4 gin asin fsin 4

= 8iD a(2c08 ycos B + sin fsin 7)

4 Sae = 20084 sinpain,
bliy sinpcos,

and w' can slide on a
ml: l“"‘ They are connected
angle 28 at the centre of

=i
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the circle when the beads are in, equilibrium on the upper half of

{he wire. Prove that the inclination of the string to the horizontal
is given by

t&nazlﬂ_ﬂu_;_tanp',

w+w
A Let A and B be the beads of weights w and w' connected by
' a light string and sliding on a
circular wire, ;
In equilibrium position,
£ AOB = 28. O being the cen-
tre of the circle.

4|2 OAB = 7 OBA = 90° — ]
Let AB make an angle o
with the horizontal AN. ‘
AL and BM are the vertical
lines through A and B.
LOAL = 90° — /@AN — 9¢° ~ (L@AB + /NAB L
- =90° - (90° - B+ a) =|8
Since AL || BM, £ ABM + / BAL = 180°

4 LABM = 180° — /BAL = 180°— (90° — a) M

% (OBM = /ABM -/ ABQ

=90°+a-(9o°—ﬁ)=/;f_ﬂj '
The forces acting on the bead w at A are
Lhe for are

Ai] weight w acting vertically downwards along AL

£i] normal reaction R due to contact with the wire along
the radius OA outwards.

and (] tension T in the string along AB.
Similarly the forces acting on the bead v’ at B are
by weig.flt w’' acting vertizélly downwards ;]ong BM
(#] normal reaction R’ along the radius OB outwards
and [iH] tension T in the string along BA.
Applying Lami’s theorem for the three forces at A,

i.e.&zm.....(l)

Fig. 14
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three forces at B,

Similarly applying Larn i’s theorem for the

sm|1§o‘ :0 [ 90° — O )l 51nf0° m

i (O
e W = sin(8 + a)
Dividing (1) by (2) we have -
w =sin(f+ a)
o sin(f —a)
ok ~ sin(# + &) —sin(B — @)
wiw _ sin(f+a)+sin(f—a)
_ 2cosfsina _ tana
ZSlnﬂwsa fanﬁ

gl (w w')t.anﬂ#j

w+w
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i CHAPTER-III

parallel Forces and Moments

. In the previous chapter we gy,
;th;:itiol;; nding th*?‘ resultant of two forceg w;?;;
sidered the ! t. We shall now consider hQW_ to find the Tesultyp,
meet at 8 W‘; forces. Such forces do not meet in a point 4y, 4
fe‘f;';n"ﬁlnd their resultant by direct application of the g,

el OfTORUES. ° . oo nitoni (lsirps sz |
pmn'rw?:rallel forces are said to be like when they g ;
the same direction; they are said & be unlike when they 4 in
opposite parallel directions. g

To find the resultant of two like parallel foree,

&aaﬁng onarigidbody:, .

Let like parallel forces P and
Q act at the points A and B of
the rigid body reSpectively and let
them be represented by the lines
AD and BL. At A and B, introduce
two equal and ‘opposite forces F— -+ &:
of arbitrary magnitude along the
line AB and let them be repre-
sented be AG and BN, These two
new forces wm balance each other
40d bence will not affect he re.
sultant of the gystem,
Fig ]

1, Int

Pounded inty g 4
the 15 force R, representad by the diagona AR

AD .
Acting at thcndnw\vﬂli?\;.s:mu“]y the two forces F and Q
diagong] resultant R, represented by the

BM
“ the paallsiogray by yry

e EA ad M 44 1,

fesultants R, opq B, can them meet at 0. The two

Considered to aet gt 0. At O
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e Y'OY || to AB and OX || to the directiong

. of P and Q.
peresolve R; and R; at O into theijr Original comp Q

onents,
R; at O is equal to a force F along Oy’ gng a force P along

oK. Rz at O is equal to a force F along OY and g force Q along
0X. The two Fs at O cancel each other, being equal ang opposite.
We are now left with two forces P ang Q acting along OX. Hence
their resultant is a force (P+Q) acting along OX i.e. actingin a
girection pamllel‘ to the original directions of p and Q.

Thus the magnitude of the resultant of two er parallel
forces is their sum. The direction of the resultant is parallel to
the components and in the same sense.

To find the pos'ition of the i‘ésultant:

Let OX meet AB at C.

Triangles Q:bc and AED:are similar.
690 - AC;"0C _"AC ( pde - pac...... (1)
CKD—EH..—P\-—'T;— A .’ . ‘

Triangles Qﬁl}and BLM are similar.

» gt ;,,,Eﬁ ie. QQQ_ =5 or BoC = Q:?B ------ @)

From (1) and (2), we have P.AC = Q.CB-

. AC L Q@ ’

Le. CB' — % )
ie. the point C divides AB internally in the inverse ratio of

the forces,

{/ 3. To find the resultant of two unlike and uniqual
Parallel forces acting on a rigid body:

Let P and Q oe two unequal and unlike parallel fome:
4cting at the points A and B of the rigid body. Let P > Q20
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d BL. At A and B4
54 nted by g bita y Introdllq
rese of arbitary magmtude 8

F
jt ther™ be ”‘;p opposite forces the line AB apgq i :;ong
two iqﬂ"'l be represented by AQ aefn
\ . BN. These two new fOrcnd
will balance each other , :s
hence will not affect the ri

sultant of the systep,

5-Fig.2 N A g
acting at A can be compoy,
The two force;c F ;;geinted iy the diagonal AE t}eli
into a single force iy imilarly the two forces F and Q actip
puticeEe? o d by the diagonal BM .
at B have a resultant R; represented by g of the
paml];lﬁ:: md MB and let them meet at O. The ty,
multa;ts R, and R, can be considered to act at O. At O, dray,
Y'OY || to AB and OX parallel to the directions of P ang Q.
Reresolve R, and R, at O into their original components. R, 2t
O is equal to a force F along OY’ and a force P along XO. R, at 0
is equal to a force F along OY and a force Q along OX. The two
Fs at O cancel each other, being equal and opposite. We are now
left with a force P along X0 and a force Q along OX. Clearly the

resultant is a foree p _ QsP> Q) acting along XO i.e. acting
ina direction parall] to thy of P,

Th . .
e magnituge of the resultant of two unlike parallel

is their 4; .
* — intht:l: dzﬁerence. The dll‘ectjon of the resultant is p arallel
Sense of the greater component,

‘To find the Position of the resultant:
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or FOC = PICA e ] i
Triangles OCB and BLM gre oo e (1)
. oC _CB ;. OC_ B &
“BL LM ™ Q =F orFoC- QCB.... (2

From (1) and (2), we have P.CA = QCp

O ROAY

ie. ¢g =

i.e. The point C divides AB externql]
of the forces. ’

Note: As P > Q, CB must he >CA.

Hence the resultant passes nearer the greater for§

In the inverse ratio

Failure of the above construction:

The construction for finding the re
' sultant of tw i
parallel forces .P and Q will fail, if P = Q i.e. if the f(;(:: 1;]1{: |
equal in magnitude. In that case, in fig. 2, triangles AGE and
BNM will be congruent.

/GAE = /NBM and the lines AE and MB will be parallel
There will be no such point as O.

Hence we conclude that the effect of two equal and unlike

parallel forces cannot be replaced by a single force. Such a pair of
forces have no single resultant and they constitute what is called

a couple, which will be considered later on. g

§ 4. Resultant of a number of parallel forces acting
on a rigid body.

If a number of parallel forces P, Q, R, ..... act on a rigid
body, their resultant can bc found by successive applications of
§2and § 3 First, we find the resultant R, of P and Q; then
we find the resultant R; of R, and R and this process is contin-
ued, until the final resultant is obtained. If the parallel forces
are all like, the magnitute of the final resultant is the sum of the
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e parallé forces are not all like, the Magnit, .
forces. oot e ]gebl‘alf' suim of t.l:‘e EOF.CG Bhei(il"ltaken Wi tl\e
pesultant is \"'*-\_th ity
proper sig") 4
p.rallel forces:
= na . : Let P, Q’ R be three for(:es Dara]
I j _lel in one plane and be in equiliby;, ‘
e = _ Draw aline to meet the lineg of acﬁm.
A ln of these forces at A, B and respon
' rig i NARTRRON e R )
It ll the three forces are in the same sense, equilibriyy,
will be clearly impossible. Hence two of them (say P and Q)
be like and the third R unlike. | ‘_
The resultant of P and Q is (P + Q), parallel to P or q g4
bence, for equilibrium, R must be equal and opposite to (P +Q

ons of equﬂibl‘ium Of_.three eopla

4R =P+ Q and the line of actic i
i Q 5 lgg of actlon of‘P .+‘Q must pass
#PAC=QCB ks Grad dnnit

s
6. Cen | |
@'( b bre of two Paralle] forces; L-—rj
@t P and Q b ty, s

I ll.,n.l fotco 8 Icﬂng aﬂ two p(')‘nts A
divides AB jnge 'R : ;

rnally or axe. .. © 29€8 through a point C, which
in the ratio Q:P.
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CBT P o (1)
The position of
giv
tions of A and B ang °n by (), depends only upon the

a certain fixed point. This fiy

two parallel forces. Thyg the cent

; : : Te of two paralle] ]
fixed poz.nt tlftrough which theijr resultant always a: fo"c;Z s
be the direction of Parallelism, T

g : j System of parallel forces
of given magnitudes, acting at given points of a bod&, will always

pass t?rough a fixed point, for aJ) directions of parallelism. This
point is called the centre of parqjje] forces. -

&de‘ RKED EXAMPLES
Ex. l./"7Two men, one stronger than the other, have to
remove a_block of stone weighing 300 kgs. with a light pole
whose length is 6 metre. The weaker man cannot carry more than
100 kgs. Where must the stone be fastened to the pole, so as just
to allow him his full share of weight? . _ ., .

T o

Let A be the weaker man bearing 100 kgs., his full share of

/A of the weight of the stone and B the
4 A c“" p Stronger man bearing 200 kgs. Let C
l ] be the point on AB where the stone is

100 soc 200 fastened to the pole, such that AC=x.

Fig. 4 ' Ther. the weight of the stone acting

at C is the resultant of the parallel forces 100 and 200 at A and
B respectively.

4 100,AC = 200.BC

i.e. 100x = 200 (6-x) = 1200 - 200x

4 300x = 1200 or x=4.
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58 must be fastened to the pole a tp,, ;

e
Hence the ;tr‘:rln e weaker I

tres

disﬁnt . I;.eTwo like pamllel forces Pand Q act on q ngld bOdy

respectively. ‘

_ 1 10 B2, show that the line of g4
hanged 10 g5 SHOW I , oy

$. 0 Ire bet}:; same as itqr:vould be if the forces were simp?f

be interchanged in pOSIion, show the; 4,

2 r,esult;n ¢ will be displaced along g

P=§. 4B ® Scs3 My,

& intere
‘ @ IfPand @
point of application of Y
@ through a distance d, where d =

(a) Let C be the «centre of two parallel forces with p o

LEN
£+

and Q at B.
. ThenP.AC=QCB... (1)
p : 2
T T If Q is changed to p » (P remain;
L s - - : g ‘ng
A~ ¢ o ¥ thesame), let D be the new centre of par-
allel forces. :
Fig.5
Then PAD = 5 DB... ... (2)
Le./w = P7.DB
orQAD =PDB .. . 3)
Relation (3) ghows thg .
ores, with Q and A auy © :33 fs the centre of two like parallel
() When the fo
D is the rew gy o8 P and Q are inte
centre of parglle Soke rchanged in position,

or(Q-tP).da:P.CB ~QAC
= P( . ;
AC)-.Q(AB-_CB)



=P.AB-P.AC - QAB + Q.CB
= (P - Q).AB[4P.AC = Q.CBfrom (1)]
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\ Ty -

P-Q
ol i, g -
/“d ey
L e

Ex. 3. Three like parallel forces, acting at the vertices of
a triangle, have magnitudes proportional to the opposite sides.
Show that their resultant passes through the incentre of the
triangle. " (B. Sc., 81 MK.U)

: arbic s S’der & o tsiangle
Let like parallel forces P, Q, R act at A, B, C.

itisgiventhat E-Q_R (5

Let the resultant of Q and R
meet BC at D.

We know that the magnitude
of the resultant is Q + R.

BD _ forceatC _ R
Also ~ forceatB ~ Q@
= g from (1)

_ AB
AC

Fig. 6.
% AD is the internal bisector of A AR

We have now to find the resultant of the two like parallel
forces, @ + R at D and P at A.

-Let this resultant meet AD at T.

Al _ forceat D _ Q+R
Then ID ~ forceat A ~

= —’% from (1) ... ... (2)
From result (2), if it is clear that I is the incentre of the A.

[If I is the incentre of A ABC and AD bisects ZA internally,
we have the result I%I = bte

15,
For a proof of this result refer worked Ex. 13 on page 32].
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§ 9. Geometrical Representation of a moment: U-Lf‘”

7 il
®

Fig. 8

Let a force F acting on a body be represented in magnitude,

- direction and line of action by the line AB.

Let O be any given point and ON the perpendlcular from
O on AB or AB produced.

The moment of the force F about O
= F xON = AB xON = 2A AOB.

Hence if a force is represented completely by a straight line,
its moment about any point is given by twice the area of the
triangle which the straight line subtends at that point.

§ 10. Sign of th L‘ngent In fig.8, when the force Facts | ~
along AB, it will £6nd o rotate the lamina in the anticlockwise
direction i.e. in a direction opposite to that in which the hands
of clock move. In such cases, the moment is said to be positive;

If the force tends to turn the body in a clockwise direction, its
moment is said to be negative. <—" .

Thus the moment, of a force about a point has both mag-
nitude and direction and is therefore a vector quantity. g

§ 11, Unit of moment: The moment of a unit force about
a point at a unit perpendicular distance from the line of action of
the force is defined as the unit for the measurment of moments.
If the unit of force be a poundal and unit of distance be one foot
the unit of moment is & poundal-foot. If the unit of force be a

fiyne and unit of distance be one centimetre, the unit of  moment
1s a dyne-cm.
-—"'——__.




v .
¢ - the moments of two forces about qp
N The al‘!'bmw sum af‘ the moment afthelr resultant abouyt

«“R pointin their plane 18 equal to

' that point.
PR A
9 ) ‘
’ e ’ [—‘ | «
1 > e Vet
m. N‘) Fig. '9(b)

To prove this theorem, we consider two cases.

}:‘ Case I: Let the forces be parallel.

Let P and Q be two parallel forces and O any point :n thejy
Draw AOB perpendicular to the forces to meet their lines

of action in A and B.
o g;: ;eﬁl:tintQ c‘yé;agd Qs a force R (=P+Q) acting at
In fig 9(a), il
the algebraic surr. of the moments of P and Q about O
= P.OA + QOB :
= P(OC - AC) + Q(OC+CB)
= (P +Q).0C - PAC + Q.CB
= (P + Q.0C [ P.AC = Q.CB]
= ROC .
= moment of R about O

In fig.  (b), O is withi
moments of P and Q about ODABud the algebraic sum of the

= P.OA - QOB

= POC + CA) - Q (cB-cO)

= (P +Q.0C +P.CA-QCB
=P+ Q.0C (YPAC = Q.CB)
™ ROC = moment of R ahout o
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When the parallel for are unlike and unequal,
the theore proved exactly in the same way.

Case II: Let the forces meet at a point. (2%

Fig.10(a) Fig.10(b)

Let the two forces P and Q act at A as shown in figs 10(a)
aud 10(b) and let O be any point in their plane. Through O, draw
a line parallel to the direction of P meeting the line of action
of Q at D. Choose the scale of representation such that length
AD represents Q in magnitude. On the same scale, let length
AB represent P. Complete the paralellogram BAD so that the
~ diagonal AC represents the resultant R of P and Q.

In either figure, the moments of P, Q, R, about O are
represented by 2AAOB, 2AAOD and 2AAOC respectively.

If fig. 10(a), O lies outside the 2 BAD and the moments of
P and Q are both positive.

The algebraic sum of the moments of P aher

= 2 AAOB + 2AAQ0D

= 2 AACB + 2AAOD (* A AOB = A ACB)

= 2 AADC + 2AAOD (s diagonal AC bisects the ||gm.)
= 2 (AADC + AAOD)

= moment of R about O,

In fig.10(b), O lies inside the angle BAD. The moment of P
about O is positiveawhile that of Q is negative.
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The algebrai¢c sum of the moments of P and Q
= 2 AAOB ~2AAOD

= 2 AACB-2AA0D
= 2 AADC -2AA0D
= 2 (AADC - AAOD)
= 2A AOC
= moment of R about O.
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WORKED EXAM

t, which hang,
a load 0f224 kfh :sts onashould(r
\/f\ Ex. 4. Two ;ne; :;rg oach end of wht
"om a light pole of length 8 m.

: load is hung is 21,
oint fmm Whlch fhethe pressure on each
Of ore of the men,. T}’::e pthe other. What is
mearer to one man than :
shoulderye AB is the light pole of lengty,
8m. C is the point from which t}
m.

. is hung.
R, L p®,  load of 224 kgs. 1s

giah o It is given that (8-x) — x = o
|

Q4 oy ie. 8 — 2x=2 or 2x = 6.
s Fig. 12 5
% x =3 jie. AC = 3and BC = 5.

Let the-pressures at A and B be R, and R, kg WL. respec.
tively. Since the pole is in equilibrium, the algebralc sum of the
Mmoments of the three forces R,, R, and 224 kg. wt. aboyt any
Point must be equal to zero, ' F50

Taking moments ahout B,
224CB-R,.AB = 0

(as the moment of R, about B is 0)
ie, 224 x5~ R, X8=0,

Ry = 2-2‘.15"_5 = 140,

Taking moments about A,
R;AB - 224 AC = 0.

ie. 8R,- 224x3 = 0.
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&Ry = 224 x 3

= §4

Note 1. For equilibrium, the weight of 224 kgs must be
equal and opposite to the resultant of R, and R;.

& Rl + Rq = 224,
Hence from this relation, we may find R, after finding R;.

Note 2. In Practice, instead of equating the algebraic sum

of the moments of the forces about any point to zero, it will be
R convenient to equate the sum of the moments in one direction

to the sum of the moments in the other direction. Hence in the

above, taking moments about B, we have R;. AB = 224 BC.

S @')A uniform plank of length 2a and weight W is supported
horizontally on two vertical props at a distance b apart. The
greatest weight that can be placed at the two ends in succession
without upsetting the plank are W, and W, respectively. Show
that

W, W, b

WiW, WiW, s

@\ Let AB be the plank placed upon two vertical props at C
L and D. CD = b. The weight

R, R, W of the plank acts at G, the
T ? < ? g midpoints of AB,
T L AG=GB=a
[ g = l When the weight W, is
- a w, PlacedatA, the contact with D
g is just broken and the upward
Fig. 12 reaction at D then is zero.

There is upward reaction R, at C.

Now, taking moments about C, we have
W,. AC = WCG

ie. W, (AG-CG) = W.CG

or W,.AG = (W+ W,).CG
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e WIQ @ (W'.-W!)CG

od at B, there is loose contacy

When the weight W, is attach 0. There is upward reactfon

&t C. The reaction at C becomes 2€
Now taking moments about D, we-get y e
w-GD - WQ.BD
Le. WGD = W, (GB-GD)

or GD (W+W,) = W,.GB = W,.a
Wa o
= s 2 )0
or GD Wi W, . 2)
ButCG+GD=CD=)p
W]¢ Wza _
Ho — Ty 74
W+ wl +W+ Wz ‘
W, w. b

or e + ‘-'-'—-z—-- o -

w+ W, W+ W2 a




